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* 1. Introduction & Motivation (8 pages.)

& TRV —BEER(UV completion) D1 H A R RNV —FR D A
N5 ERIT DN

—Maybe yes Point : “Positivity bounds”
XKm TRV — B e - K7 RGBS AISRLR TE L Blim

* 2. Our work (6 pages.)

-UV completion @ =&Y —#, fEHTHE(eRRE), n—L Y REH:

EVIFEHRIFER = RN —F GG IR ENTWVEITHA.

* 3. Summary (1 page.)



Quest for Fundamental theory...

* Phenomenology: Low-energy Effective Field Theory (EFT)
Energy scale

—+ Suvl®,x,-~.] Fundamental theory (Unknown)

Heavy field (Ejg < M, ) —integrated out

piSerTld] — j DHeavy eiSuvl®, Heavy]

Acy 1
‘ SEFT [¢] e'g-) : LEFT = —E (a(p)z - % (0(’5)4 + ...

Constraints on EFT parameters — signals of new physics at E ~ Ayt



Positivity bounds 1

* Assuming UV completion is A. Adams et al ('06)

(D Unitary $$+ =1
@) Lorentz invariant

@ Analytic (¢ Causal) ~ ~
4 Local [qb(x), qb(y)] = 0 for spacelike (x — y).

Low-energy EFT scattering amplitudes
must satisfy an infinite number of inequalities.

(¢ One has to introduce

mass term as IR regulator.) “pOSitiVity bounds”’

Essential properties of UV completion (D-@) are
secretly encoded in EFT !



Positivity bounds 2

* Low-energy 2 to 2 scat.

(1) /¢(P3)

—
—_— —

¢ (p2) d(p4)

* Positivity bounds:
02B(s,0) > 0
s=2m?

04B(s,0) >0

s=2m

0SB (s, 0) >0

s=2m

amplitude F(s, t) is constrained.

¢: scalar field with mass m

— F(S; t) wl. Mandelstam variables
s = —(py + p2)?: CM energy

= —(p, — p3)?: momentum transfer
u = —(p1 — pa)*
s+t+u=4m?
2t

=1
COS +s—4m2

A. Adams et al ("06)
wl. B(s,0) = F(s,0) — (light poles)

1
e.g.) Lgpr = —E(aqb)z + %(8([))4 1 ==
cq1 > 0

o MMETNEEZTCHLEMNIZc, > 08725
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Assumptions on UV completion

Constraints on F(s, t)

(D Unitary
(@) Lorentz invariant » « Behavior at high energy
@ Analytic (¢ Causal) e Analyticity as a complex
@ Local 1 function
§ 1. Review
(5 pages)

» Constraints on EFT
“positivity bounds”
8 2. Our study (7 pages)

What’s happen if one removes locality assumption?
What is the definition of locality?



Analyticity and Causality (1/5)

* Analytic structure of F(s,0) in complex s-plane

tims IS

s-channel
ravavavavavavavavavavavavavavaval

— ——— i vararavavavara s
2
u-channel 0] ™" 3m?4m* Res

Causality implies the holomorphy of F(s,0) In s
In the complex s-plane modulo poles and cuts.



Derivation of Positivity bounds

* Assuming the analytic structure of F(s,0) in complex
s-plane and derive the positivity bounds.

tims IS

C
@ s-channel

FATATATATATATATATATATATATAvAYAYAl— c—m e aacaTArATATAT A
2
u-channel 0] m° 3m?4m* Reg

ds’ F(s’,0)

2N
F(s,0) = (s —2m?) P ,
2mi(s" —s)(s" — 2m#2)2N




Derivation of Positivity bounds

* Analytic structure in complex s-plane

F(s,0)= (light poles)

T fbranch cuts

+ .+




Derivation of Positivity bounds

F(s,0) = (light poles)+ fcuts + fCJ_r

2N-1

Res,_.,,2F(s,0) Resu 2F(s,0)
— | m2 — g T2 — z ays”
+2(S = ZmZ)ZN : Im F(u + i€, 0)
T e\ = 2mD2 [ — 2m?)2 — (s — 2m2)?]

ds’ F(s',0)

2N
+(s — 2m?
(S mn ) cx 2mi (s’ — s)(s' — 2m?2)2N

F(s,0)
o7

Locality & Unitarity — lim

|s|—>oo

=0  “Froissart (-like) bound”
M. Froissart (1961)

J.+ = 0for2N = 2:2-subtraction is sufficient.




Derivation of Positivity bounds

* Locality & Unitarity—2-subtraction

B(s,0) = F(s,0) — (light poles)

22N)! & Im F(u + i€, 0)
0V B(s, 0 = f d >0
> (s,0) s=2m? A2 . (U — 2m?)2N+1 I
for 2N Zi' Optical theorem
0 (Unitarity)
Locality & Unitarity : Jim F(; )‘ =0

* Improved positivity bounds
2(2N)! fAtzzhd Im F(u + i€, 0)
. U (U — 2m?2)2N+1

02N B(s,0)

s=2m? T

Ay cutoff scale of EFT



Positivity bounds without locality 2?

* Positivity bounds are obtained:
02B(s,0 >0
(D Unitarity s B(s,0) s=2m?
(2 Lorentz invariance ‘ 0B (s,0) > 0
@ Analyticity ) =ik
@ Locality J5B(s,0) , >0

s=2m

o  BLIRClEpositivity bounds 3L ChH , =4 U—THEHTH
DO —L Y ARNZETRUV completionZEHFRFEA 7],

Is it impossible to derive these bounds only from -@)?

(D Unitarity
@) Lorentz invariance ‘ 7

3 Analyticity -



Jaffe’s classification of QFT
 Definition A. M. Jaffe (1967)...

Growth rate of Lehmann-Kallén spectral density p(—k?)

p(—kz) " (_kZ)Nexp [0(_k2)“] 0<a< %:strictly localizable
a > - : non-localizable

=

N[~ DN

e.g.) Little string theories: @ = % A. Kapustin (‘01) a = : quasi-local

: : 1 )
Galileon theories: a > 5 A.J. Tolley et al. (“15)

* Position-space expression
d*k
(2m)*

W(x,y) =< p(x)p(y) >= j 0(k°) p(—k?) e*=» with x = y

is ill-defined for ¢ > ;

* Unitary S-matrix with standard properties (such as crossing

symmetry, LSZ construction, etc) can be constructed.
O. Steinmann (1970)



Construct well-defined Feynman propagator (1/4)
E. Pfaffelhuber (1971)

* 2to 2 scattering ~ 4-point Feynman propagator

Y ¢
>‘< ~ < TP@IPEDW) >

¢ ¢
* Smeared Wightman function:
d4k1 d4k2 Wd) (kl’ kz) i(k1x1tkox2)

Wy y) = | Gyt ) Gzmys @000 + k)= e

g(—k#): an indicator function 9(—k3) ~ exp|o(=k?)"|
* Then, we may define the regularized Feynman propagator:

Gr(x,y) = g(—iax, —iay)[e(xo — yo)l/l(g(x, y) + H(yo — xO)VI(g(y, x)].



Construct well-defined Feynman propagator (2/4)
E. Pfaffelhuber (1971)

* Then, momentum-space Feynman propagator is
Gr(ky, ky) = [ d*xq [ d*x,Gr(xq, x,)e tk1X1tkaxz)
— (277:)45(4)(k1 + kZ)GF(_k%);

—1

W
oK) = o) [ wCE

]

an entire function which ensures
the convergence of the integral.

* This spectral representation implies

6r(—k2)]| < || el" 2 | k2] - co.



Construct well-defined Feynman propagator (3/4)

E. Pfaffelhuber (1971)
* Indicator dependence=contact terms

—1

(1)
Gr(—k?) =g(—k2)fdug(ﬁ) Er—

—i — —k?
=Jdup(u) : .(1—‘9(“) 9 )>

k?+p—ie g

- —i 1 < 10%g(—k?) 5
‘fd“p(”)kzm—ie(l_@nﬁ 0" (—k?) (1 + %) )

* Indicator-dep terms: on-shell singularity is canceled.

* Scattering amplitudes are independent of the choice of
an indicator function g(u).



Construct well-defined Feynman propagator (4/4)

E. Pfaffelhuber (1971)
* Generalize to the 4-point case:

Gr(x1,-,%4) = g(—i0y,, -+, —i0y,)
Ize(xll—x )9 lz g)e(xg—x&)%(xil,m,xu) .

* Similar to the 2-point case, momentum-space time-ordered
correlation function will be bounded as

‘QF (S’ L {kiz}i=1,-~,4)

wi GF(klr tee, k4) = (277:)45(4) (k + -+ k4)gF (Sr t: {kiz}i=1 4)
S = —(k1 + k2)2 = _(kl k3)2

mm) |F(s,t)| <|[s|VesI"is expected (reduction formula).

1 :
a < case— obtained  H. Epstein et al. (1969)

< |s|Ne?lsI® as|s| = oo (t: fixed).




Assumptions

* We assume analytic structure and boundedness properties:

(A) Boundedness peopertiy of (B) Boundedness property of F(s,t)
F(s,0) in the complex s-plane. for fixed t > 0.
tim s B R |z = cosb
7 = Z(S) 1+ 2t,
/- s — 4m?
G Res L S ETZmZ
B 9=1 2t
i Z = cost = +S—4m2
_|E(s,z())| ..
lim |—x—7—| = finite
s—oo | gNeOos
| F(s,0) -
lim |— ] B finite _



High-energy behavior (1/2)

* One can obtain bounds on partial wave amplitude f;(s)

4 _ F(s,t) ~ ) 2L+ 1)fi(s)P, <1 +
Coy = {Z — Z(S)} |z = cosb ; S

2t
£
ol BN
Savavaravavavavae— } } - ———avavavaavavavad _
NSl fils) = 1L<S 4m2>2 3@ dz'F(s,2)Q,(z")

4mi

Legendre functions of the second kind

m) |f;(s)| < (const.) - l_E exp |— \/_ exp[as | atlarge L.

(CM frame)
P1 Short-range force: Growth of the
¢ o > mi number of
| _— . . .
T —mb intermediate multi-
| b l/\/g e ~e VS particle states:
— ¢ p(s) ~ explos]

P2



High-energy behavior (2/2)
F(s,t) = 2\/5 — Z(zz +1)f,(s)P, (1 +- _2;m2>

1f1(s)| < (const.) -1 2 exp \/_
|f1(s)| < 1: unitarity bound (for s > 4m?)

a+s
S

exp[as | atlargel

2

m) |F(5,0)] < z (2l 4+ 1) ~ s172% 35 5 > 0. 1
Consistent with V. F. Fainberg et al. (1971) |IF(s,0)||< |S|Neg|5|a

Amwuoal—x—x—m

me) |F(s,0)] < |s|*H?% (@ < 1) as |s| = oo.
(thanks to the Phragmén-Lindel6f theorem)




Positivity bounds without locality
* Non-Locality & Unitarity—2N > 1 + 2a-subtraction (a < 1)
B(s,0) = F(s,0) — (light poles)

2(2N)! Im F(u + ig, 0)
0N B(s, 0 = f d > 0
s B(s,0) s=2m? T am? a <(,Ll — 2m?)=N+1

for2N > 14+ 2. = |F(s5,0)| < |s|'+®

. 1
 Existence of bounds for non-local case (E <a<l1)

02B(s,0) > 0
s=2m?
@B(s, 0) > a 0<ac< % : strictly localizable
s=2m? Must be satisfied even if 1 _
6 - . t strictlv-l I a > 5 : non-localizable
aSB(S, ()) , >0 eory is not strictly-local!
s=2m (aslongas a < 1) o :% . quasi-local

— Y,




Summary

* Locality will not be essential in obtaining positivity bounds.

@D Unitarity —BSLB-ES,—O}W—Q—
@) Lorentz invariance 4
‘ d-B(s,0 >0
@ Analyticity sB(s )S=2m2 (;s<|oln)gas
—d—tocatity— 98B (s, 0) > 0
. ls=2m?

* This may open a new possibility to falsify Lorentz invariant
UV completion even if EFT is apparently Lorentz invariant.



