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Velocity distribution in PIC simulation

- Maxwell-Boltznmann distribution

f('v)d3v = N(%) 2 exp ( — 7127,_;

2)d3v

+ Box=Muller method (Box & Muller 1958)

+ Two uniform random variates: Uy, Uz c (0,1)

Counts
,: ny = +/—2InU; cos(2nUs)
,.' 6\ ne = +/—2InU; sin(27Us)
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Monte-Carlo methods for VDFs

» Kappa distributions (SZ & Nakano 2022 PoP)
* Loss-cone distributions (SZ & Nakano 2023 JGR)

* Nine distributions (This work; arXiv:2510.11890)
1. (r,q) distribution
» 2. Regularized Kappa distribution
- 3. Subtracted Kappa distribution
- 4 & 5. Ring and shell distributions
+ 6 & 7. Ring and shell Maxwellians
- 8. Super Gaussian distribution
- 9. Filled-shell distribution




1. (r,q) distribution

[Zaheer+ 2004, Qureshi+ 2004]
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(a) Phase -space density

= (r,q) distribution
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« Generalization of

- Gal) * Kappa & flattop VDFs

I Monte Carlo

- Two methods

* (A) Piecewise rejection method
* (B) Beta-prime method
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Beta-prime method

* Generalized beta-prime distribution

"o _ apT(a+p) )"\ ap=>
B'(z;a,8,p,q) = ¢°*I'(1 + o)I'(B) (1 N (E) ) '

» (r,q) distribution in spherical coordinates
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Algorithm 3-1: Beta-prime method

generate X; ~ Ga(z(f—”), 1)

- Beta-prime random number generate X, ~ Ga(q - 55, 1)

XGa(oc 5) 1/p generate Uy, U, ~ U(0, 11)
XB'(a,pp,9) = Q( : ) x < [(g-1DXi/X2]20+
XGa(p,) Gamma v < Ox (U1 - 1)
Beta-prime random Vi1 « 20, xU1(1 = Uy) cos(2nU»)
random humber numbers V12 « 20, x/U1(1 = Uy) sin(2nU)

return v|,v,i,vio




2. Regularized Kappa distribution

[Scherer+ 2017]

- Kappa distribution with a high-energy cutoff
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- Two rejection methods are compared




3. Subtracted Kappa distribution

[Summers & Stone 2025]

* Kappa Loss-Cone (KLC) model for a narrow loss-cone
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3. Subtracted Kappa distribution

[Summers & Stone 2025]

* Kappa Loss-Cone (KLC) model for a narrow loss-cone

—(k+1) —(k+1)
3 1-AB vz 2\ 1-a vz v VT
fx(vp,vi)d'v=N-Cy 1+ — + — -1+ + d3v
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Algorithm 5: subtracted Kappa '

generate Uy, Up, Us ~ U(0,1)  Uniform variate  * L0SS-cone filling

generate N ~ N (0, 1) Normal variate .
generate Y ~ Ga(k — 1/2,2) Gamma variate factor A is included
x « —logU; - flog (min (1%, 1)) * Formal proof in the

Vi1« 0, V2kx cos(2nU3) /NY
V12 — 0, V2kx sin(2nU3) /Y
v« 0)VKN/NY

returnv,i,v s,V

arXiv paper




4~7. Ring and shell distributions

[Usami & Horiuchi 2022 FrP, SZ+ arXiv:2510.11890]

- Conventional distributions

+ Gaussian width, but recipes are not so simple

2
1 Il (v —V)? 3
o (Md?v = N exp|—— — d’v,
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» Our proposals z [—

+ Based on scattering of a seed population

Vi p2 42 o)
fm()dy = No exp (_J - )10 ( V;V) d3v

/20,61

r—V)2 r 2
fsM(v)d?’V: MW{GXP(_( V) )—exp(—( +V) )}d3v
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4~7. Ring & shell distributions
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8 & 9. Isotropic distributions

- Super Gaussian (Dum 1974)

Super Gaussian

= Distribution
m Monte Carlo
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PSD in 2D

- Filled-Shell distribution (popular in heliophysics)

Filled-Shell

= Distribution
W Monte Carlo

N3+ p)
4 V3+p

vP - H(V —v)

Phase-space density

* For recipes, please see our arXiv paper
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Summary

* Numerical recipes for nine VDFs
» 1. (r,q) distribution (including flattop)
- 2. Regularized Kappa distribution
- 3. Subtracted Kappa distribution
- 4 & 5. Ring and shell distributions
+ 6 & 7. Ring and shell Maxwellians
- 8. Super Gaussian distribution
* 9. Filled-shell distribution

+ Reference:
e S.Zenitani, S. Usami, & S. Matsukiyo, submitted to JGR, arxiv:2510.11890
* https://arxiv.org/abs/2510.11890
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