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Particle-in-cell (PIC) simulation

» It is very important to randomly prepare
velocity distributions of particles in a cell
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0. Maxwell distribution

fu(v)dv = Ny (Lz)g exp (— v—j) d*v

Ty vy

- Normal distribution

- Box=Muller (1958) method ni < v/ —2InU; cos 2nU;
- Two random variates: Uy, U2 c (0,1) ng < v/ —21InU; sin 27U,

How to initialize various velocity distributions

(Kappa, loss-cone, relativistic...)
in particle-in-cell (PIC) simulation?




0. Maxwell distribution

SR RN AP
fm(v)d’v = Ny (nvﬁ) exp < vM)d

- Normal distribution

- Box=Muller (1958) method ni </ —2InU; cos 2wl
- Two random variates: Uz, Uz c [0,1] No </ —2InUj sin 27U

+ Spherical form (d3v — 4mvadv)
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1. Kappa distribution
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Kappa distribution

2\ —(k+1)
- Spherical form _ 4 [(x+1) ( ”_) 2
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- Generalized Beta-prime distribution
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Gamma random number

- Beta-prime random number Xoaes) 1/p
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Normalized density

Kappa distribution - Recipe
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Algorithm 1-2

generate ni,ng,ng ~ N(0,1)
generate x2 ~ Ga(k — 1/2,2)
K62
A 5
V Xv
Vg < TN

Uy < TN

Vy ¢ s

See also Abdul & Mace 2015




2. Loss-cone distribution (Pitch-angle type)
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c.f. Kennel 1966

1D Simulation system (fr.om KaToh-San)




Utilizing Beta distribution

fff fo(v) (sina)? d>v
= 47r( fooo v fo(v) dv) (foﬂ/2 (sin@)¥*! da/)

T = cos? a.
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Beta function Beta distribution

* One can transform isotropic distributions to loss-cone
distributions via Beta random variate.

- Beta variate can be generated from two gamma variates




Loss-cone distribution - Recipe

Algorithm 5.3: Loss-cone distribution

Logs-cone (PA) distribution

generate N ~ N(0, 1) Loss-cone
X generate X; ~ Ga(3/2,1) transform
10~ .
generate X, ~ Ga(j + 1,2) (BZTG VC(PIC(T@)
gonerate U~ U0,/
X,
-5 3
10 YN+ X5
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3. Relativistic Maxwell distribution

(Maxwell=Jittner distribution)

3, _ Ny _@ 3
fMI(p)dp_4nm2cTMK2(mc2/TM) °XP (/ T )dp
!

Modified Bessel function Lorentz factor
of the second kind v=[1- (U/C)Q]—l/Q

+ Lorentz factor makes —— Relativistic
C : 1e-01 — Gaussian
the distribution complex :
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Modified Canfield method

[Canfield+ 1987, Zenitani & Nakano 2022]

- Spherical form, as a function of the energy

o1/t

f(x)dx = tK2(1/t)e_“’/t (1+z)vx(x+2) dr T = m‘c2 =v—1
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Modified Canfield method - Recipe

compute 73, 74, 75 for given t using Egs. (69)-(71) . Gamma-distributed variates
repeat are necessary
generate X1, X2 ~ U(0,1) Probabilistic switch ] ]
.lf ...... X1<7r3 ................ t henz(_3 ...... ‘ . RCJ@CT'OH . accepTC(nce
: H . . . o
gelseile < w3+ my then i « 4 effICIBHCY IS 95.7-100 /O.

ielseile <m3+my+m; theni+ 5

gelsei<—6

0
. endif : 10
A s et o
generate z ~ Ga(i/2,t): Gamma distribution "a 10-1
msssssssssssssssssssssssmssnnnnna? o) -2
generate X3, X4 ~ U(0,1) o) 10
)
p+ Vz(z+2) E 10-3
®©
P ¢ p (2X3 - 1) g
S 1074
Py  2py/X3(1 — X3) cos(2mX4) Z

P, + 2py/X3(1 — X3)sin(27X,) 10-5

return p;,py,p-

p/mc




Velocity distributions

Maxwell Relativistic
distribution > Maxwell distribution
Box=Muller 1958 : Sobol 1976, SZ & Nakano 2022

Kappa o
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Abdul & Mace 2015 |
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SZ & Nakano 2023




Velocity distributions

Maxwell Relativistic
distribution > Maxwell distribution
Box=Muller 1958 : Sobol 1976, SZ & Nakano 2022

Kappa :
distribution : Relativistic

Abdul & Mace 2015 kappa distribution

> SZ & Nakano 2022

Loss-cone

distributions
SZ & Nakano 2023

g§appa loss-cone (PA)

Kappa loss-cone
" (KLC) distributions




Maxwell

distribution
Box=Muller 1958
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Relativistic

Maxwell distribution
Sobol 1976, SZ & Nakano 2022

Relativistic

kappa distribution
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Various distributions

Relativistic
Maxwell »  Maxwell
Kappa Relativistic
i > kappa
S - e
Loss-cone (LC)
distributions \ 4 Sy
>
Kappa loss-cone Relativistic KLC

(KLC) distributions

* Numerical recipes require
» Uniform random number
* Normal random number
+ Gamma random number
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Subtracted Maxwellian
[Ashour-Abdalla & Kennel, 1978]

2
Ny AN { ( vi) I—A\ ( vi) ( vi)‘}
Vi, V,) = exp|—— | X —{Aexp|—-—] + CXp\ =5 | ~SXP|~
fpvy) 21726, P( 92) ) Pl=5 1-8 P 62 P Bo*

Loss-cone filling factor A Shape factor p

L ) Algorithm 2*
Lo%s-cone (AK) distribution
|
102 generate Uy, U,, Uz ~ U(0, 1)
1073 generate N ~ N(0,1)
. Us
104 x « —logU; — flog (mm(l_A,l))
10-5 Vi1 < 0.Vxcos(2nU3)
10-6 V1o < 0,xsin(2nUz)

V| < 9"\/1/2]\’

return v, 1, v,o, v




Phase-space density

fft (’U)d?)’l) =

Flattop distribution

[Zenitani 2024 RNAAS]
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- Flattop distribution generate Xl ~ Ga,mma(s / (2[%), 1)
[ Monte Carlo test

generate Xy ~ Gamma(1l — 1/(2k), 1)
generate X3, X; ~ U(0,1)

v (X1/ X))

v 9”’0 (2X3 — 1)

v11 < 20,04/ X3(1 — X3) cos(2mXy)
Vg < 29J_’U\/X3(1 — X3) SiIl(27TX4)

v/6




Various distributions

Relativistic
Maxwell »  Maxwell
Kappa Relativistic
i > kappa
S - e
Loss-cone (LC)
distributions \ 4 Sy
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(KLC) distributions

* Numerical recipes require
» Uniform random number
* Normal random number
* Gamma random number
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Efficiency

Gamma-distributed random number

a<l <o

1.00 — a=15
-- a=0.5 _1 . 0-4_ suedyey
0.751 L —a=09 & te % -5
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000 6 25 50 75 100 0% 25 50 75 100
X X
1.0 1.0
/ function Gamma-generator2(k, 1)
i | de—k—1/3, c—1/V/9d
0°9 0‘9 repeat
generate u ~ U(0, 1)
repeat
0.8 ) 0.8 T ‘ generate x ~ N(0,1)
ve—1+4+cx
until v>0
v v
O. 7 until 1 — 0.0331x* > u or
0.5x* +d — dv + dlogv > logu
return Adv
0.67 — Best 1983 ' — : .
—— Ahrens & Diethi 2155 (1983) method is Marsaglia & Tsang 2000 J

0-%_0 02 04 believed to be the best 2 3 A 5
Shape parameter a Shape parameter a
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Gamma-distributed random number
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0.9 0'9 repeat
generate u ~ U(0, 1)
repeat
0.8 : 0.8 . - generate x ~ N(0,1)
ve—1+cx
until v>0
ve—1v}
0.7 o 0.7 1 : until 1 - 0.0331x* > u or
= = Zenitani 2024-B 0.5x* +d — dv + dlogv > logu
—— Zenitani 2024-A . return Adv _
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New gamma generator
[Zenitani 2024, Econ. Bull.]

- Generalized exponential function (Kundu & Gupta 2007)
Fop(z;0) = (1 — e %)

- Its derivative Gamma dis’rribu’rion

fon(wi0) = all =) e folaia) = e

1.50

1.25-
1.00-
% 0.75-
G
0.50
0.251

0.00

—— Our Envelope
—— Gamma (a =0.5)

Algorithm 1

repeat
generate Uy, Us ~ U(0,1)
b« U’ z+ —log(l—0b)
if Ul/(1 %y <b return z

end repeat

0

x




New gamma generator
[Zenitani 2024, Econ. Bull.]

1.5 :
—— Ahrens & Dieter 1974
> —— Best 1983
.": 1 4_ —— Kundu & Gupta 2007
2 . —— Algorithms 1, 2
) —— Algorithm 3 (s=1)
to] -- Algorithm 3 (s=s%)
1.3
o]
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'C_'U .
E
o 1.1y o a0
Z
v 1 %
.. 0.0 02 04
efficient
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Shape parameter a

single draw

Ahrens & Dieter 1974
Best 1983

Devroye 1986

Kundu & Gupta 2007
Algorithm 1
Algorithm 2
Algorithm 3 (s=s*)

Algorithm 3 (s=1)

fast <

50 100
Elapsed time [sec]

150

- A mathematical trick makes
our algorithm even faster

44+ (a— 1)z

< (-
44+ (1—-—a)r — \1—e*

4+ ax

)a_l S ire-an

Algorithm 2

repeat

multiple draw

(b)

generate Uy, U ~ U(0,1)
b+ U x4+ —log(l—b)
if Ub(4+(1—a)z) <@+ (a—1)z)
if Uy(4+ (2—a)z) < (4+ az) then
if Uzl/(lfa)z <b returnz
end repeat

Ahrens & Dieter 1974
Best 1983
Devroye 1986

Kundu & Gupta 2007

7?32-03 - Intel

196" B Intel -02
clang

B clang -02

94. 11'005

Algorithm 1
Algorithm 2
Algorithm 3 (s=s*)

Algorithm 3 (s=1)

Elapsed time [sec]

return z




Summary

1. Kappa distribution
* Normal distribution, divided by Gamma distribution

These three 2. Loss-cone distribution

cah be combined - Beta distribution to scatter
3. Relativistic distribution

- Superpositions of four gamma distributions

+

Five more

4. Gamma distribution

* New generator for shape parameter less than unity

References
e Zenitani & Nakano, JGR Space Physics, 2023
e Zenitani & Nakano, Phys. Plasmas, 2022
e Zenitani, Economics Bulletin, 2024 (arXiv:2411.01415)




Thank you for your attention




