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Loading various velocity distributions in 
particle-in-cell (PIC) simulation



Particle-in-cell (PIC) simulation

Velocity Vx0

Counts

• It is very important to randomly prepare 
velocity distributions of particles in a cell



• Normal distribution 
• Box=Muller (1958) method 

• Two random variates: U1, U2 ⊂ (0,1)

0. Maxwell distribution
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How to initialize various velocity distributions 
(Kappa, loss-cone, relativistic...) 

in particle-in-cell (PIC) simulation?



• Normal distribution 
• Box=Muller (1958) method 

• Two random variates: U1, U2 ⊂ [0,1] 

• Spherical form (d3v → 4πv2dv)

0. Maxwell distribution
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Gamma distribution

Gamma function



• Thermal core + power-law tail 
• Popular in space physics 

(Vasyliunas 1968, Olbert 1968) 

• κ : power-law index 
• κ → ∞ Maxwellian

1. Kappa distribution



• Spherical form 

• Generalized Beta-prime distribution 

• Beta-prime random number

Kappa distribution

(Kappa distribution)
(Normal distribution)
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Gamma random number

Gamma random number



Kappa distribution - Recipe

See also Abdul & Mace 2015



2. Loss-cone distribution (Pitch-angle type)
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Utilizing Beta distribution

v

<latexit sha1_base64="ZsS8jInyJjSSWKVdJYS9gWqrmHM="></latexit>'

=

Beta distribution

• One can transform isotropic distributions to loss-cone 
distributions via Beta random variate. 

• Beta variate can be generated from two gamma variates

Beta function



Loss-cone distribution - Recipe

Loss-cone 
transform 

(Beta variate)



• Lorentz factor makes 
the distribution complex

3. Relativistic Maxwell distribution 
(Maxwell=Jüttner distribution)

� = [1� (v/c)2]�1/2

Lorentz factorModified Bessel function 
of the second kind
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Modified Canfield method 
[Canfield+ 1987, Zenitani & Nakano 2022]

Probability Gamma distribution Rejection function (0.95 < R < 1.0)

• Spherical form, as a function of the energy



Rejection

Gamma distribution

Probabilistic switch

• Gamma-distributed variates 
are necessary 

• Rejection : acceptance 
efficiency is 95.7-100%.

Modified Canfield method - Recipe



Velocity distributions

Maxwell 
distribution 
Box=Muller 1958

Relativistic 
Maxwell distribution 
Sobol 1976, SZ & Nakano 2022

Kappa 
distribution 
Abdul & Mace 2015

Loss-cone 
distributions 
SZ & Nakano 2023



Velocity distributions

Maxwell 
distribution 
Box=Muller 1958

Relativistic 
Maxwell distribution 
Sobol 1976, SZ & Nakano 2022

Kappa 
distribution 
Abdul & Mace 2015

Loss-cone 
distributions 
SZ & Nakano 2023

Kappa loss-cone 
(KLC) distributions

Relativistic 
kappa distribution 

SZ & Nakano 2022



Relativistic loss-
cone distribution

Velocity distributions

Maxwell 
distribution 
Box=Muller 1958

Relativistic 
Maxwell distribution 
Sobol 1976, SZ & Nakano 2022

Kappa 
distribution 
Abdul & Mace 2015

Loss-cone 
distributions 
SZ & Nakano 2023

Relativistic kappa loss-cone 
(KLC) distribution

Kappa loss-cone 
(KLC) distributions

Relativistic 
kappa distribution 

SZ & Nakano 2022



Kappa

Relativistic 
Maxwell

Loss-cone (LC) 
distributions

Kappa loss-cone 
(KLC) distributions

Maxwell

Relativistic KLC

Relativistic 
kappa

• Numerical recipes require 
• Uniform random number 
• Normal random number 
• Gamma random number

Various distributions

• Subtracted Maxwellian 

• Dory 

• Summers KLC 

• Flattop  

• Flattop losscone



Loss-cone filling factor Δ

Subtracted Maxwellian 
[Ashour-Abdalla & Kennel, 1978]

Shape factor β

*



Flattop distribution 
[Zenitani 2024 RNAAS]



Kappa

Relativistic 
Maxwell

Loss-cone (LC) 
distributions

Kappa loss-cone 
(KLC) distributions

Maxwell

Relativistic KLC

Relativistic 
kappa

Various distributions

• Numerical recipes require 
• Uniform random number 
• Normal random number 
• Gamma random number

• Subtracted Maxwellian 

• Dory 

• Summers KLC 

• Flattop  

• Flattop losscone



α<1 1<α
Gamma-distributed random number

Best (1983) method is 
believed to be the best



α<1 1<α
Gamma-distributed random number

Best (1983) method is 
believed to be the best

Our proposals



• Generalized exponential function（Kundu & Gupta 2007） 

• Its derivative Gamma distribution

New gamma generator 
[Zenitani 2024, Econ. Bull.]



New gamma generator 
[Zenitani 2024, Econ. Bull.]

efficient

• A mathematical trick makes 
our algorithm even faster

fast

single draw multiple draw

<latexit sha1_base64="KSLLtZb2pgobfhMgr0pDvJ3dNxc="></latexit>

4 + (ω→ 1)x

4 + (1→ ω)x
↑

(
x

1→ e→x

)ω→1

↑ 4 + ωx

4 + (2→ ω)x



• 1. Kappa distribution 
• Normal distribution, divided by Gamma distribution 

• 2. Loss-cone distribution 
• Beta distribution to scatter 

• 3. Relativistic distribution 
• Superpositions of four gamma distributions 

• 4. Gamma distribution  
• New generator for shape parameter less than unity 

• References 
• Zenitani & Nakano, JGR Space Physics, 2023
• Zenitani & Nakano, Phys. Plasmas, 2022
• Zenitani, Economics Bulletin, 2024 (arXiv:2411.01415)

Summary

These three 
can be combined

+ 
Five more



Thank you for your attention!


