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Particle-in-cell (PIC) simulation

» It is very important to randomly prepare
velocity distributions of particles in a cell
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1. Maxwell distribution

fu(v)dv = Ny (Lz)g exp (— v—j) d*v

Ty vy

- Normal distribution

- Box=Muller (1958) method ni < v/ —2InU; cos 2nU;
- Two random variates: Uy, U2 c (0,1) ng < v/ —21InU; sin 27U,

How to initialize various velocity distributions

(loss-cone, kappa, flattop...)
in particle-in-cell (PIC) simulation?




1. Maxwell distribution

SR RN AP
fm(v)d’v = Ny (nvﬁ) exp < vM)d

- Normal distribution

- Box=Muller (1958) method ni </ —2InU; cos 2wl
- Two random variates: Uz, Uz c [0,1] No </ —2InUj sin 27U

» Spherical form (d3v --> 4mvadv)
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1 \3 2 Gamma distribution
fu(v)dv = 47rNM(—2) : exp ( — UT)vzdv
UM UM xa—le—w
Ga(z; o, 1) =
fu(o)de = 274 5% wds = NyyGa (23 5,1) do o [(a)
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2. Loss-cone distribution - Pitch-angle type
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c.f. Kennel 1966

1D Simulation system (fr.om KaToh-San)




Utilizing Beta distribution

fff fo(v) (sina)? d>v
= 47r( fooo v fo(v) dv) (foﬂ/2 (sin@)¥*! da/)

T = cos? a.

] el

Beta function Beta distribution

* One can transform isotropic distributions to loss-cone
distributions via Beta random variate.

- Beta variate can be generated from two gamma variates




Loss-cone distribution - Recipe

Algorithm 5.3: Loss-cone distribution

Logs-cone (PA) distribution

generate N ~ N(0, 1) Loss-cone
X generate X; ~ Ga(3/2,1) transform
10~ .
generate X, ~ Ga(j + 1,2) (BZTG VC(PIC(T@)
gonerate U~ U0,/
X,
-5 3
10 YN+ X5

02 g () ()




2. Loss-cone distributions - subtracted Maxwellian
[Ashour-Abdalla & Kennel, 1978]
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Ny AN { ( vi) I—A\ ( vi) ( vi)‘}
Vi, V,) = exp|—— | X —{Aexp|—-—] + CXp\ =5 | ~SXP|~
fpvy) 21726, P( 9|2|) ) Pl=5 1-8 P 62 P Bo*

gk
Loss-cone filling factor A Shape factor p

L ) Algorithm 2*
Lo%s-cone (AK) distribution
|
102 generate Uy, U,, Uz ~ U(0, 1)
1073 generate N ~ N(0,1)
. Us
104 x + —logU; — flog (mm(l_A,l))
10-5 Vi1 < 0.Vxcos(2nU3)
10-6 V1o < 0,xsin(2nUz)

V| < 9"\/1/2]\’

return v, 1, vo, v




3. Kappa distribution

. N r(h' -1 1) _ v\ —(k+1) |
13 ) — : (1 ) 13 )
flw)d™ (mk62)3/2T(k — 1/2) K62 @t

Thermal core + power-law tail 2
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Popular in space physics E
(Vasyliunas 1968, Olbert 1968) % 14-3.
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3. Kappa distribution

2\ —(k+1)
- Spherical form _ 4 [(x+1) ( ”_) 2
p fK(U)dU anl/z(K92)3/2 F(K— 1/2) 1+K02 U dU

- Generalized Beta-prime distribution

o » —(a+p)
B'(x;a, B,p,q) = qB(Io)c B) (2) (1 " G> )

Gamma random number

- Beta-prime random number Xoaes) 1/p
a(a,
XB’(a,ﬂ,p,q) — q (XG (IB 5))
a’ )
Gamma random number
[ )

(Normal distribution)

\/XGa(m—1/2,2)

(Kappa distribution) = 1/16”




Normalized density

3. Kappa distribution - Recipe

fv)d*v =

2 | —(k+1)
N I'(k+1) (1 'v_) B
(mk02)3/2T(k — 1/2) k6?2
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Algorithm 1-2

generate ni,ng,ng ~ N(0,1)
generate x2 ~ Ga(k — 1/2,2)
K62
A 5
V Xv
Vg < TN

Uy < TN

Vy ¢ s

See also Abdul & Mace 2015




4. Flattop (FT) distribution
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» Shocked magnetosheath

 Magnetic reconnection

fo(v) s8/km3

Phase Space Density [53 km™®
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4. Flattop (FT) distribution

* Popular kappa-like form (Thomsen+ 1983, Oka+ 2022)

+ Other forms are also discussed (Wilson+ 2019)

1
14— ry\ —(k+1)/k
3N ( h:) ’U|| v?
- 73, _ L 3
fft(v)dv—47r(9||03_)r 1_|_i . 1_i 1+ 9ﬁ+92 d°v
2K 2K

* Generalized beta-prime distribution

"o _ apT(a+p) )"\ op—l
B'(z;a,8,p,q9) = 77T(1 + a)T(B) (l—l- (5) ) T

- FT distribution in spherical coordinates
- » 3N T(1+3) oy 26\~
Fy(v) = fa(v)dmv® = F TS AT D) (1 + (5) ) .

3 1
=NB —, 1 - —,2k,0
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Flattop (FT) - Piecewise rejection method

100
. —— Flattop dist. oy 3
g mm e ing dist. - - pa
1 —— Sampling dist. p1 % + 2’ p2 % 1+ 2
10 -=== feore(V) repeat
""" ftait(Vv)

I Monte-Carlo generate X1, X2 ~ U(0,1)

if X; < p; then
z + (X1/p1)'/3

Phase-space density
=

1073
if Xp < (14 22¢)~(+D/% break
104 else
0.0 0.5 1.0 1.5 2.0 2.5 3.0 T ((1 _Xl)/p2)1/(1—2n)

v/6
if Xo < (272% +1)~(:tD/% break

- Envelope: flat core & tail o

end repeat

generate X3, X4 ~ U(0,1)

. . o viy ¢ 20124/ X3(1 — X3)cos(2mXy)

- Acceptance efficiency: 607%~ 012 ¢ 20, 5/ Ko =T sin2 X0
l P v 0)x —

» Can we make it more eff|c|en'|'|y? I Oz (2X3 - 1)

return v, ;,v 2,7
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Flattop (FT) - Gamma method

- Beta-prime random number

/ Xeates) 1/p
X , a — X , a 1 p — a a’
B ( ,B,P,‘I) q( B ( ’B)) q (XGa(ﬁ,5)> Gamma random

numbers

- Flattop distribution
[ Monte Carlo test

generate X; ~ Gamma(3/(2k), 1)
generate Xy ~ Gamma(1l — 1/(2k), 1)
generate X3, Xy ~ U(0,1)

(N (Xl/Xg)l/(zK')

v 9||'U (2X3 — 1)

vi1 < 20,04/ X3(1 — X3) cos(2mXy)
V1o + 20,04/ X3(1 — X3) sin(2mX,)

v/6

* Acceptance efficiency is not 100%, because...




Efficiency

5. Gamma-distributed random number

a<l

o.: Shape parameter
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function Gamma-generator2(k, )
de—k—1/3, c—1/V/9d
repeat
generate u ~ U(0, 1)
repeat
generate x ~ N(0,1)
ve—1+cx
until v>0
ve—1v}
until 1 — 0.0331x* > u or
0.5x* +d — dv + dlogv > logu
return Adv

—— Marsaglia & Tsang 2000
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New gamma generator
[Zenitani 2024, Econ. Bull.]

- Generalized exponential function (Kundu & Gupta 2007)
Fop(z;0) = (1 — e %)

- Its derivative Gamma dis’rribu’rion

fon(wi0) = all =) e folaia) = e
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—— Our Envelope
—— Gamma (a =0.5)

Algorithm 1

repeat
generate Uy, Us ~ U(0,1)
b« U’ z+ —log(l—0b)
if Ul/(1 %y <b return z

end repeat

0

x




New gamma generator

[Zenitani 2024, Econ. Bull.]

15— + A mathematical trick makes
> —— Best 1983 .
214 oo s oo our algorithm even faster
% —_— Alggyor;thm3 (‘s=1) a—1
o) 1 3 |- Algorithm 3 (s=s*) 4 + (CK _ ]_)x ( x ) 4 + ax
9 < < —
3 44 (1—-a)x 1—e® 44 (2—a)x
:f_'; 1.2 Algorithm 2
E repeat
8 1.11 ol a8 generate Uy, Uz ~ U(0,1)
Z. N S b UY®, 4 —log(1—b)
A4 S if Uo(4+(1—a)z) <4+ (a—1)z) returnz
1 % : : T t | if Us(4+ (2—a)z) < (4+ az) then
. e .0 0.2 0.4 0.6 0.8 1.0 if Uzl/(l_a)ng return z
efficient Shape parameter a end repeat

(2)
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Algorithm 3 (s=s*)

Algorithm 3 (s=1)

single draw multiple draw

(b)

Devroye 1986

Devroye 1986 50

Kundu & Gupta 2007

Algorithm 1 Algorithm 1

Algorithm 2 Algorithm 2
Algorithm 3 (s=s*)

Algorithm 3 (s=1)
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Summary

1. Maxwell distribution

Numerical recipes
consist of

2. Loss-cone distribution

Beta distribution to scatter
1. uniform variate

3. Kappa distribution
Normal distribution, divided by Gamma distribution

4. Flattop distribution

Piecewise rejection and gamma methods

2. normal variate

3. gamma variate

5. Gamma distribution

New generator for shape parameter less than unity
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