Loading relativistic kappa distributions
in particle-in-cell (PIC) simulations
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Kappa distributions

* Kappa distribution » Relativistic Kappa distribution
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How to generate a relativistic kappa

distribution in PIC simulations?




Some mathematics

* Relativistic Kappa distribution
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Probability Generalized Beta prime distribution Rejection function
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The algorithm

Main procedure

a+ 0.56, b 0.35, Ro< 0.95 * Beta prime distribution can be
compute 73, 74, 75 for given k, ¢ using Eqgs. (40)—(42) generated from 2 gamma distributions
repeat
generate X1, Xz ~ U(0, 1) Probabilistic switch x XI‘(a,é) XI‘(a,l)
St s ST _ ) _ _
P Xi<m thent 3 P X X
elseif X < 73 + my then i <+ 4 :
elseif X1 < m3+ms+m5 then i« 5 * No need for the normalization factors
Ise i « 6 . .
emere : - Gamma variates can be easily generated
O s '
generate X3 ~ Ga(i/2,1), X4 ~ Ga(k +1—1i/2,1)
— Kt X é
X K X4

-------------------------------------

generate X5, X¢ ~ U(0,1)

P+ z(x+2)
Pz (—p(2X5—1)

Py < 2p/X5(1 — X5) cos(2m Xs)

Dz — 2p\/X5(1 - X5) sin(27rX6)




Normalized density

Numerical test
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- Modified Canfield (1987) method

* New hyperparameters
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R(z;a,b)
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- Acceptance efficiency (for MJ)
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Improved rejection function
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Relativistic kappa loss-cone (KLC)

Relativistic Kappa Relativistic KLLC
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- Loss-cone transform
for isotropic distributions

frRrLC = \/2% PI(\](-;_FS{)Q) ( sin a) Y [rK

o pitch angle




Summary

- 1. Beta prime distributions --> relativistic kappa distribution
+ 2. Efficient rejection function: 70% --> 95%
» 3. Loss-cone transform --> relativistic kappa loss-cone dist.

 References:
e Zenitani & Nakano, Phys. Plasmas 29, 113904 (2022)

e Zenitani & Nakano, in prep.
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Generalized Beta prime distribution
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Rejection function
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