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Particle-in-cell (PIC) simulation
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Accurate modeling of 
particle motion is 
important for studying 
kinetic plasma processes 
(reconnection, shocks, 
kinetic turbulence…)



• Particle solver

Particle solver

• Time-splitting

1/2-acceleration by E 

gyration about B 

1/2-acceleration by E
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• Second-order 
accuracy in angle
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Boris solver (2-step Boris solver)

u−

u+

θ u′

2

1 + t2
u′ × t

u− × t

Vay

1

2
θ′

Boris 1970 
Hockney & Eastwood 1981 
Birdsall & Langdon 1985
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Can we eliminate this error? 
(Solution 0: tan correction by [Boris 1970])



Boris solver: graphical interpretation
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(a) Boris solver (b) Double Boris solver
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Rotation by an approximate angle 2α



Our proposal: Multiple Boris solvers
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(a) Boris solver (b) Double Boris solver
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<latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="BHd3Sl7aP2BxNKkRIzzoC0XyaoQ="></latexit><latexit sha1_base64="QJQISasCOAMHt7xpa1LuFoZYNMw="></latexit><latexit sha1_base64="wnZw/rosDQm35RL9qdz2hAzSmKk="></latexit><latexit sha1_base64="OKklI08EYzNlafZuysMNFNcOjz8="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit>

u+
<latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="BHd3Sl7aP2BxNKkRIzzoC0XyaoQ="></latexit><latexit sha1_base64="QJQISasCOAMHt7xpa1LuFoZYNMw="></latexit><latexit sha1_base64="wnZw/rosDQm35RL9qdz2hAzSmKk="></latexit><latexit sha1_base64="OKklI08EYzNlafZuysMNFNcOjz8="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit><latexit sha1_base64="DsvVYubsmZ1qdvPrgZNNLDIdXMc="></latexit>

u0
<latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit>

u0
<latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit><latexit sha1_base64="2D/uO79zanxHoZtPQ1qM2buUv7E="></latexit>

u+
exact

<latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit>

u+
exact

<latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit><latexit sha1_base64="sr0WCmcpZ2nM8+P2OMwqm+cnoZo="></latexit>

u00
<latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit><latexit sha1_base64="GlPJeIMadP0khNZ5/LSf+Ehz1aE="></latexit>

n=2

- - -
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✓ ⌘ q�t

m��B
<latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit><latexit sha1_base64="JqHPrQfncR/IJVIs8XbuJCYdZA0="></latexit>

• We subcycle the 2-step procedure 
multiple times 

• Originally proposed by Umeda 2018



Formula for arbitrary n

General form for an arbitrary n

- - -

cn1 = Tn(p)

cn2 = (1 + p)Un�1(p)

cn3 =

8
>><

>>:

1 + p (for n = 1)

(1 + p)
⇣
Uk(p) + Uk�1(p)

⌘2
(for n = 2k + 1)

2
⇣
(1 + p)Uk�1(p)

⌘2
(for n = 2k)

<latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit><latexit sha1_base64="MasLUimsYuUNJLzJC8ql1n5Yi2A="></latexit>
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t ⌘ qB�t

2nm��
<latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit><latexit sha1_base64="j6OD1BHb0S3nVf5+WFp9i86i+Z0="></latexit>



Reminder: Chebyshev polynomials

https://en.wikipedia.org/wiki/Chebyshev_polynomials#Examples



k�uk
<latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit><latexit sha1_base64="DW0ZP6qRlti+dhriPvlY/U++QJI="></latexit>

!c�t
<latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit>

Numerical tests (1): Errors in gyration

Error /
⇣�t

n

⌘2

<latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit><latexit sha1_base64="niUdBMnZppIp6oZ6noP2jWOjMHw="></latexit>
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!c�t
<latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit><latexit sha1_base64="5wdiRV8fv9b7UYK9E2h6AqvSJPM="></latexit>

k�uk
kuk max

<latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit><latexit sha1_base64="000yXnPbn0OyB6kTBJ6UVos1+gk="></latexit>

Numerical tests (2): Errors in various field

Error

Zenitani & Kato 2020

E

B

E×B
E=B
E

• Errors are largely controlled by 
the gyration part, because all 
the solvers share the same 
Coulomb-force solver



Numerical tests (3): Computation time

Fast Slow

Multiple 
Boris 

solvers

Zenitani & Kato 2020



• Electromagnetic field : dispersion (numerical 
Cherenkov problem) 

• Particles : Force-free condition 

• ~ ExB drift 

• ~ magnetic reconnection

B E

E×B

E + v ⇥B = 0
<latexit sha1_base64="EIep5vFIzbve0cyAjbyR5VJSof4="></latexit><latexit sha1_base64="EIep5vFIzbve0cyAjbyR5VJSof4="></latexit><latexit sha1_base64="EIep5vFIzbve0cyAjbyR5VJSof4="></latexit><latexit sha1_base64="EIep5vFIzbve0cyAjbyR5VJSof4="></latexit>

E + v ⇥B 6= 0 $ v? 6= E ⇥B

B2
<latexit sha1_base64="d+7iox2KKPSYl7MjPOaXwrb7h68="></latexit><latexit sha1_base64="d+7iox2KKPSYl7MjPOaXwrb7h68="></latexit><latexit sha1_base64="d+7iox2KKPSYl7MjPOaXwrb7h68="></latexit><latexit sha1_base64="d+7iox2KKPSYl7MjPOaXwrb7h68="></latexit>

E + v ⇥B 6= 0
<latexit sha1_base64="G4VnEYirqHHRQ4dTK6fHOOTFqBE="></latexit><latexit sha1_base64="G4VnEYirqHHRQ4dTK6fHOOTFqBE="></latexit><latexit sha1_base64="G4VnEYirqHHRQ4dTK6fHOOTFqBE="></latexit><latexit sha1_base64="G4VnEYirqHHRQ4dTK6fHOOTFqBE="></latexit>

� � 1
<latexit sha1_base64="z96wB4Ps6RQsRsYW4sRBCPMb22A="></latexit><latexit sha1_base64="z96wB4Ps6RQsRsYW4sRBCPMb22A="></latexit><latexit sha1_base64="z96wB4Ps6RQsRsYW4sRBCPMb22A="></latexit><latexit sha1_base64="z96wB4Ps6RQsRsYW4sRBCPMb22A="></latexit>

A technical problem in PIC simulation for 
a relativistic plasma flow



B E
γ=3

Numerical acceleration 
by the Boris solver

E×B

Long-term relativistic ExB drift

Average 
velocity (x/ct)

Total time (log Ωct)

Exact-gyration 
(SZ & Umeda 2018)
Higuera-Cary Exact solution

Vay solver gives exact speed



Bori
s

Advantage of multiple Boris solvers

• New solvers can reduce the numerical boost to 1/3 

• Useful in a highly-magnetized (high-σ) relativistic flow

n=∞

Boris solver

multiple Boris solver

High
-n 

cas
es



Summary

• Multiple Boris solvers 
• n-times multiplication of the Boris solver 

• Single-step formula with Chebyshev polynomials 

• n2-times higher accuracy for the gyration part 

• Numerical boost in a magnetized flow 
• Numerical boost can be reduced to 1/3 

• References: 
• Zenitani & Kato, Multiple Boris integrators for particle-in-cell simulation, Comput. Phys. Commun. 247, 

106954 (2020) https://doi.org/10.1016/j.cpc.2019.106954 
• 銭谷誠司・加藤恒彦、相対論的プラズマ粒子シミュレーションのための粒子計算アルゴリズ
ム、生存圏研究 14, 62 (2018) http://hdl.handle.net/2433/235378


