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Kinetic modeling of relativistic plasma processes

Zenitani & Hoshino 2005 Phys. Rev. Lett.
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Relativistic shock (?0’s)
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Relativistic flow shear (10's)
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Alves et al. 2012 Astrophys. J.




Three technical barriers
in relativistic PIC simulations

e 1. Setup
— Loading velocity distribution functions by using random variables
— Usually undocumented

e 2. Computation
— Electromagnetic field (Haber 1974, Vay+ 2011)
— Particle (Vay 2008)

e 3. Diagnosis & Interpretation
— Presented in ASJ 2015a meeting (SZ 2015d in prep.)




Nonrelativistic Maxwell distributions

e Uniform variable e Galilei transform
X, (0< X, <1) Vg < Uz + Vo
e Box=Muller (1958) transform
Vyp = \/—2111 X1 sin(27X5)

v, = \/—21In X; cos(27X5)




Relativistic Maxwell distributions

e JUtther=Synge distribution
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e Shifted Maxwell distribution
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Recent attempts

e Swisdak (2013) -- Two-step rejection method (Shown on p.15)
* Melzani+ (2013) - Cylindrical fransformation + numerical table

Our strategy

e Stationary Maxwellian

— Sobol (1976) method
e Lorentz boost — relativistic shifted Maxwellian

— Flipping method - 100% efficiency




Sobol method

[Sobol 1976, Pozdnyakov+ 1977, 1983]

e Spherical form

fu)du o< exp ( — */?)qﬁdu et
e Gamma (Earlang) distribution
Puss.T) e (— L) u= Tl X, XaX;
* Rejection method "« Another form
exp (u - \/1}+7u2 ) X, < [|:322Cir\)22k0>v+11977]
* Spherical scattering 1= TIn X3 Xo X3 Xy

Uy, =u (2X5 — 1)
u, = 2uy/ X5(1 — X5) cos(2m Xs)
u, = 2u/X5(1 — X5) sin(27 Xg)




Loading efficiency

e Efficiency quickly decreases for T << |
— We should revert to alternative methods (SZ 2015)

Eff.




Quest for the original article

* OCLC/WorldCat database suggested S libraries

e We found it at U. lllinois Urbana-Champaign
at the 4th attempt
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Sobol (1976)'s article

.M, CoGoun

0 MOIETMPOBAHY HEKOTOPHX PACTIPENEJEHMA,
CXOIHHX C I'AMMA-PACTIPEIEJIEHIEM

PaccMoTpum IBa HEeCTAHNADTHHX NpUeMa I MONIeJMPOBAHMSA CJy—~
YafiHHX BEJWYMH C IUIOTHOCTAMM BHIA
2
p(x) = B, x® eTPVIHX )

p(x) = ¢, X*(e™ - 177, )

rme 0 < X <wyb> 0, & By # C~ HODMZDOBOUHHE MOCTOSHHHE. 3TH
TPHEMH MOSBOJANT, B YACTHOCTH, MOIEJHPOBATH MMITYNBCH PEJATH-
BHCTCKAX BJEKTDOHOB M 4acTOTH (OTOHOB; OHM MCTOIB3OBAIUCEH B
pacdore [I}.

e He did it right 40 years ago...

52. “Infinite-Dimensional Uniformly Distributed Sequences in Monte Carlo Algorithms,” in Monte Carlo Methods

in Computational Mathematics and Mathematical Physics (Novosibirsk, 1974), pp. 24-31 [in Russian].

59. “On Simulation of Certain Distributions Similar to Gamma Distribution,” in Monte Carlo Methods in Computa-
tional Mathematics and Mathematical Physics (Novosibirsk, 1976), pp. 24-29 [in Russian].
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Lorentz transformation

* Energy-momentum e Space-time
— Straightforward — Contraction of a volume element
/
Y =T (y + Bus) F(u!)dPu! = f(u)(l)d3u
uy — D(ug + B7) ”
/
Uy, < Uy JER K
u; — U, Volume transform
factor
Y _
«—> - ° = ['(1+ Bvg)

e Undocumented workarounds

— 1. Do nothing (incorrect result)

— 2. Analytic formula (CfCA, Colorado)

— 3. Adjust particle density (SZ, 4D2U)

— 4. Adjust particle weight (Harvard) 1




Volume transform - Flipping method

Fluid rest frame (S)
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e One can adjust the density by recycling the grey part

*uw

Observer frame (S’)

log f'

Volume fransform factor
(rescaled by 1/T)

/

(L) =@+ e

in arbifrary Vx(Ux)-symmetric distributions
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Numerical test

1E
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e Excellent agreement between numerical results vs analytic curve
e Volume transform factor corrects energy flux by ~25%
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Summary

e Stationary Maxwellian

generate X1, X2, X3, X4, uniform on (0, 1]

— Sobol (1976) method u +— —T'In X; X2 X3
n <« —TlnX1X2X3X4

e Lorentz boost vuntil n? — u? > 1.

'generate Xs, Xe, X7, uniform on [0, 1]
MUy 2u+/X5(1 — X5) cos(2m Xe)
WUy — Zu)/Xs(l — X5) sin(27 Xs)

-I'-I'-I'-I'-I' (= = ol = = o= = o o o o e o = o o o = o = o o o

— Flipping method
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o ! 1 lf( B'U:z: 7), Ugr &— —Ug
Let s.g.e’.r s’ror’req n- e Tw 4 B
relativistic PIC simulations seasacan i, -- =< -=====-==--

 More detail:
— Zenitani, Phys. Plasmas 22,042116 (2015)
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Sobol=Zenitani (2015)

repeat

generate X1, Xo, X3, X4, uniform on (0, 1]
u «— —TIIIX1X2X3
n <« —TlnX1X2X3X4

until 7% — u? > 1.

generate X5, X6, X7, uniform on [0, 1]

Ug — u (2X5 — 1)

uy  2uy/Xs5(1 — X5) cos(2mXe)

uz + 2uy/Xs5(1 — X5) sin(27Xe)

if (—Bve > X7), Uz — —Us

ug — D(uz + BV1 +u?)

return ug, uy, U,

Zenitani 2015

Nonrelaftivistic:
Box=Muller (1958)

generate X1, X2, X3, X4, uniform on [0, 1]
vz — v/—2In X, sin(27X2)

vy — v/—21In X7 cos(27X>2)

—21In X3 sin(27X4)

vz + (vz + Vo)

return vy, vy, v,

Vy —

Pseudo codes

Swisdak's two-step method (2013)

Require: p,, is the mode of f

p- and p_ satisfy f(p=) = f(pm) /e

iy = =f(p+)[f'(p+), A- — f(p-)/f'(p-) {can be re-written
in terms of (logf)'}

q-— ;50— 5 am— 1-(q+ +q-)
repeat

generate U and V, uniform variates on [0, 1]
if U < g, then

Y—U/gn
X—(1-Y)p-+i)+Y(ps—4.)

if V <f(X)/f(pn) then

done

end if

else if U < g,, + g, then

E —log(L;qﬂ)

X—p.—2.(1-E)

if V < ef f(X)/f(pn) then
done

end if

else

E _log(U—ﬁ_qq,_-:+g-1>

X—p +..(1-E)

ifV <eff(X)/f(pn) then
done

end if

end if

until done

return X

Require: p,, is the mode of f

p+ and p_ satisfy f(p=) = f(pm) /e

Av = =f(p+)[f'(p+), 2— — f(p-)/f'(p-) {can be re-written
in terms of (logf)'}

q-— ;50— 5 am— 1 (q+ +q-)
repeat

generate U and V, uniform variates on [0, 1]
if U < g,n then

Y—U/gn
X—(1-Y)p-+i)+Y(p:—4s)

if V < f(X)/f(pn) then

done

end if

elseif U < g,, + g then

E + —log (U—;‘lﬂ)

X—p.—2.(1-E)

if V < ef f(X)/f(p,) then
done

end if

else
E «— —log(—(g—q—lu" ot )

X—p +..(1-E)

if V < eff(X)/f(p,) then
done

end if

end if

until done

return X

Swisdak 2013
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