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Particle-in-cell (PIC) simulation is one of the most important research tools in theoretical

plasma physics. To solve the motion of charged particles, the Boris method [1] (a.k.a. the Boris

integrator/pusher/solver) has been used for more than a half century. Although the Boris solver

has good accuracy, the demand for high-accuracy numerical solvers has been increasing, and

new integrators have been actively developed [2, 3]. In this contribution, we present novel high-

accuracy particle integrators, the hyper Boris integrators, for nonrelativistic kinetic simulations

[4]. We further discuss their connection to 3D rotation representations.

We focus on the equation of motion that advances the particle velocity. In SI units, its discrete

form yields

vvvt+∆t − vvvt

∆t
=

q
m

(
EEEt+∆t

2 +
vvvt+∆t + vvvt

2
×BBBt+∆t

2

)
(1)

Here, xxx is the particle position, vvv is the velocity, q is the charge, m is the mass, EEE and BBB are the

electric and magnetic fields at the particle position, and ∆t is the timestep of the simulation. The

electromagnetic fields are customarily assumed to be uniform and stationary within the time

interval [t, t +∆t]. The superscript indicates the time, but we drop it from EEE and BBB for brevity.

Then we define the following two fundamental vectors. We use the subcycle number n.

tttn ≡ τττn =
q∆t
2nm

BBB, eeen ≡ εεεn =
q∆t
2nm

EEE (2)

In particular, the n = 1 case corresponds to the stan-

dard Boris solver [1]. This solver gives the velocity

at the next timestep through the following 4 steps:

vvv− = vvvt + eee1

vvv
′

= vvv−+ vvv−× ttt1

vvv+ = vvv−+
2

1+ t2
1

vvv
′ × ttt1

vvvt+∆t = vvv++ eee1

(3)
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Figure 1: Gyration part of the Boris solver

[1]. θ = qB∆t/m is the rotation angle.



The first and last steps represent the acceleration by EEE, and the middle two represent the gyration

by BBB. The logic of the middle gyration part is illustrated in Fig. 1. The entire 4-step procedure

provides a second-order error in vvvt+∆t , proportional to the square of the timestep, ∼ (∆t)2. We

outline three improvements to the standard Boris solver in the following paragraphs.

First, using n-times smaller timestep (∆t/n), we subcycle the 4-step procedure (Eq. (3)) for

arbitrary n cycles. The next state of the particle velocity is given by

vvvt+∆t = cn1vvvt + cn2 (vvvt × tttn)+ cn3(vvvt · tttn)tttn + cn2eeen + cn3(eeen × tttn)+ cn6(eeen · tttn)tttn (4)

where cn1 . . .cn3 and cn6 are coefficients. The last coefficient retains the subscript 6 for consis-

tency with the main articles [4, 3]. The coefficients are given by

cn1 = Tn (pn) , cn2 =
2

1+ t2
n

Un−1 (pn) , pn =
1− t2

n
1+ t2

n
, tn = |tttn| (5)

cn3 =



2
1+ t2

n
(for n = 1)

2
1+ t2

n

(
Uk (pn)+Uk−1 (pn)

)2

(for n = 2k+1)

8
(1+ t2

n)
2

(
Uk−1 (pn)

)2

(for n = 2k)

(6)

cn6 =
2
t2
n

(
n− 1

1+ t2
n

Un−1 (pn)

)
(7)

where k is a positive integer and Tn(x) and Un(x) are the Chebyshev polynomials of the first and

second kinds, respectively. Note that the coefficients converge to finite values in the limiting case

of tn → 0, as will be evident in other expression in Eq. (14). These coefficients are somewhat

complicated, but it is still computationally cheaper to use Eq. (4), rather than repeating the 4-

step procedure multiple times. As one can imagine, the solver has better second-order accuracy,

∼ (∆t/n)2.

Second, we introduce higher-order modification of the 4-step procedure. From a Taylor ex-

pansion of tanτ

τ
= 1+ 1

3τ2+ 2
15τ4+ 17

315τ6+ . . . , we introduce a correction factor fN for Nth-order

accuracy [1]:

f2(τ) = 1, f4(τ) = 1+
1
3

τ
2, f6(τ) = 1+

1
3

τ
2 +

2
15

τ
4, · · · . (8)

We drop the assumption of tttn = τττn and eeen = εεεn in Eq. (2), and then we redefine the two vectors:

tttn ≡ fN(τn)τττn, eeen ≡ fN(τn)εεεn +
(

1− fN(τn)
)(εεεn · τττn)τττn

τ2
n

. (9)

The latter correction to the electric field is a key in this work. These corrections make the 4-step

procedure (Eq. (3)) higher-order accurate. Numerical error is proportional to ∼ (∆t)N .



Third, we combine subcycling and higher-order corrections to amplify their advantages. We

correct the two elemental vectors (Eq. (9)), before using the multicycle formula (Eq. (4)).

We call these solvers the hyper Boris solvers. We can use arbitrary combinations of n-time

subcycling and Nth-order corrections, and their combination provides ultrahigh accuracy of

∼ (∆t/n)N .
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Figure 2: Maximum numerical errors in

vvv, as a function of the timestep ωc∆t.

The Boris solver (blue) and n-cycled Nth-

order hyper Boris solvers (red) [4].

In the main article [4], we carried out numeri-

cal tests to check the accuracy of the hyper Boris

solvers. As highlighted in Figure 2, the hyper Boris

solvers (red) are substantially more accurate than

the standard Boris solver (blue). On the other hand,

it was found that the 4-cycle 6th-order hyper Boris

solver needs only 30–75% more computational

time than the standard Boris solver.

Owing to its accuracy, the hyper Boris solver

does not always require a small timestep ωc∆t ∼
O(0.1) in particle motion. It relaxes the timestep

constraint, possibly to ωc∆t ≲ 1.0, although the

timestep of PIC simulation is also constrained by

other factors such as the spatial interpolation of the

fields and the field solver. Employing a larger ∆t,

we can reduce the total computational cost of our

simulations. At present, the hyper Boris solver is

nonrelativistic. Nevertheless it will have many ap-

plications such as the ion part of hybrid simulations

that employs the nonrelativistic equation of motion. In addition, we can apply it to vector dif-

ferential equations in the form of ẋxx = aaa+ xxx×bbb.

Finally, we discuss their connections to 3D rotation problems. In robotics, spacecraft atti-

tude dynamics, and computer vision, Rodrigues parameters (RP; ttt1) and modified Rodrigues

parameters (MRP; ttt2) are widely used to represent 3D rotations [5, 6]:

ttt1 = n̂nn tan
(

θ

2

)
, ttt2 = n̂nn tan

(
θ

4

)
. (10)

Here, n̂nn is the unit axis vector and θ is the rotation angle. When EEE = 0 and θ = (q|BBB|∆t)/m,

one can see that the n = 1 and n = 2 cases correspond to the RP and MRP, respectively. Indeed,

the rotation matrices for the RP (R1) and the MRP (R2) (e.g., Eqs. (202) and (255b) in [5] and



Eqs. (2.139) and (2.149) in [6]) are equivalent to our vector formulae:

R1 =
1

1+ |ttt1|2
(
(1−|ttt1|2)I+2ttt1ttt1 +2T1

)
= c11I+ c12T1 + c13ttt1ttt1 (11)

R2 = I+
4(1−|ttt2|2)
(1+ |ttt2|2)2 T2 +

8
(1+ |ttt2|2)2T

2
2 = c21I+ c22T2 + c23ttt2ttt2 (12)

where I is the identity matrix and

Tn ≡


0 tn,z −tn,y

−tn,z 0 tn,x

tn,y −tn,x 0

=− [tttn×] (13)

is the skew-symmetric matrix with vector tttn. It satisfies Tnvvv = −tttn × vvv = vvv× tttn. Since the

hyper Boris method is designed for an arbitrary n, Eqs. (4)–(6) give a vector representation

of the rotation matrix for the higher-order (n ≥ 3) Rodrigues parameters [7]. Relevant rotation

matrices are presented in [8, 9]. By expanding the Chebyshev polynomials in Eqs. (5)–(7) in

terms of the binomial coefficients
(n

k

)
, we can rewrite the coefficients as follows:

cn1 =
∑

n
k=0(−1)k(2n

2k

)
t2k
n

(1+ t2
n)

n , cn2 =
∑

n−1
k=0(−1)k( 2n

2k+1

)
t2k
n

(1+ t2
n)

n ,

cn3 =
∑

n−1
k=0

{( n
k+1

)
+(−1)k( 2n

2k+2

)}
t2k
n

(1+ t2
n)

n , cn6 =
∑

n−1
k=0

{
2n
( n

k+1

)
+(−1)k( 2n

2k+3

)}
t2k
n

(1+ t2
n)

n . (14)

These expressions are equivalent to Eqs. (26)–(28) in [9], which were derived in the context of

the higher-order Cayley transform. Given the fundamental nature of the Boris methods and the

generalized RPs, many other applications can be expected in the future.
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