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Fig. 7. The particle size distribution at different radii in the disk at differ-
ent times of disk evolution as discussed in Sect. 3.2.1. In this simulation
all particle gowth mechanisms are included as well as the radial motion
of the dust. The fragmentation of particles is neglected. The left and the
right plots always belong together. The left column shows the surface
density as a function of particle radius at 1, 10 and 100 AU. The right
column shows the corresponding contour plots of the surface density
as a function of disk radius and particle radius. The white lines in the
contour plots denotes the particle radius for which the Stokes number is
unity (i.e. largest radial drift and largest radial velocities).

in 104 yrs according to Fig. 7. However, in the outer parts of
the disk (>100 AU) the dominant particle size of the dust never
exceeds 0.1 mm at any time. The disregard of radial drift in the
previous section led to particle sizes of more than a centimeter
at 100 AU after 1 Myr, which is orders of magnitude larger.

The neglect of radial drift, as discussed in Sect. 3.1, in-
volved a permanent amount of small particles which was present
throughout the disk for at least 1 Myr. These small particles were
located high above the midplane and were subject to a rather
slow coagulation process due to relatively low dust densities.
Figure 7 indicates that there is a smaller remaining amount of
small dust if radial motion is taken into account. This is due to
the following reason. Even the small particles in the higher re-
gions of the disk can have relative radial velocities of the order
of some mm/s or even cm/s. These higher relative velocites lead
to higher collision rates and, hence, to a depletion of the small
dust grains.

After 105 yrs of disk evolution, the average particle size at
a certain radius in the disk starts to decrease in time. To give an
example, after 105 yrs the dominant dust grain radius at 1 AU
is ∼1 cm. After 1 Myr this value is about an order of magnitude
lower. While particles drift inward from a certain radial position
they are replaced by other particles from the outer parts of the

Fig. 8. The effect of disk mass on the particle growth as discussed in
Sect. 3.2.2. Shown is the dominant dust particles radius after 104 yrs of
disk evolution for different disk masses between 0.2 and 10 AU. The
turbulent α parameter is 10−3 and the initial dust-to-gas ratio is 10−2.

disk. The coagulation time scales are larger in the outer parts
of the disk which means that particles grow to smaller sizes in
the same time. Therefore, the particles that reach a certain posi-
tion are smaller than the particles that drift away and, hence, the
average dust particle size decreases.

In the simulation shown in Fig. 7 the Stokes number of the
dominant particles never exceeds unity, i.e. never breaks the ra-
dial drift barrier, at any disk radius considered at any time. This
is indicated by the St = 1 line which is also shown in this plot. At
∼1 AU in the disk, the simulation shows that particles may grow
to sizes that correspond to a Stokes number slighly smaller than
unity. In the following we will investigate if the particles may
break through the St = 1 barrier for certain disk parameters.

3.2.2. Effect of disk mass

We investigate the effect of disk mass on the particle growth. The
result of this investigation can be seen in Fig. 8. This plot shows
the dominant dust particle size for different disk masses after
104 yrs of disk evolution as a function of disk radius. We find that
the particle size increases by an order of magnitude if the disk
mass is increased from 1% to 20% of the central mass. Larger
disk masses lead to higher gas and dust densities and, hence,
to higher collision rates according to Eq. (24). Therefore, dust
particles can grow to larger sizes over the same time interval.

The Stokes number of the dominant particles is always
smaller than unity. Of course, particles may grow to larger sizes
which increases the Stokes number since St ∝ a. However, larger
disk masses also lead to higher gas densities which again de-
creases the Stokes number because St ∝ 1/ρg. Finally, both ef-
fects cancel out and the disk mass seems to plays a minor role in
breaking the radial drift barrier.

3.2.3. Effect of turbulence

As in the last section, we calculate the dominant particle size af-
ter 104 years but now for different turbulentα-parameters instead
of different disk masses. The initial dust-to-gas ratio in this sim-
ulation is 10−2, the disk mass is 10−2 M⋆ and the result is shown
in Fig. 9.

One would intuitively think that in a certain time particles
can grow to larger sizes in highly turbulent disks than in low-
turbulent disks. Figure 9 shows, however, that the dominant
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of the dust. The fragmentation of particles is neglected. The left and the
right plots always belong together. The left column shows the surface
density as a function of particle radius at 1, 10 and 100 AU. The right
column shows the corresponding contour plots of the surface density
as a function of disk radius and particle radius. The white lines in the
contour plots denotes the particle radius for which the Stokes number is
unity (i.e. largest radial drift and largest radial velocities).

in 104 yrs according to Fig. 7. However, in the outer parts of
the disk (>100 AU) the dominant particle size of the dust never
exceeds 0.1 mm at any time. The disregard of radial drift in the
previous section led to particle sizes of more than a centimeter
at 100 AU after 1 Myr, which is orders of magnitude larger.

The neglect of radial drift, as discussed in Sect. 3.1, in-
volved a permanent amount of small particles which was present
throughout the disk for at least 1 Myr. These small particles were
located high above the midplane and were subject to a rather
slow coagulation process due to relatively low dust densities.
Figure 7 indicates that there is a smaller remaining amount of
small dust if radial motion is taken into account. This is due to
the following reason. Even the small particles in the higher re-
gions of the disk can have relative radial velocities of the order
of some mm/s or even cm/s. These higher relative velocites lead
to higher collision rates and, hence, to a depletion of the small
dust grains.

After 105 yrs of disk evolution, the average particle size at
a certain radius in the disk starts to decrease in time. To give an
example, after 105 yrs the dominant dust grain radius at 1 AU
is ∼1 cm. After 1 Myr this value is about an order of magnitude
lower. While particles drift inward from a certain radial position
they are replaced by other particles from the outer parts of the

Fig. 8. The effect of disk mass on the particle growth as discussed in
Sect. 3.2.2. Shown is the dominant dust particles radius after 104 yrs of
disk evolution for different disk masses between 0.2 and 10 AU. The
turbulent α parameter is 10−3 and the initial dust-to-gas ratio is 10−2.

disk. The coagulation time scales are larger in the outer parts
of the disk which means that particles grow to smaller sizes in
the same time. Therefore, the particles that reach a certain posi-
tion are smaller than the particles that drift away and, hence, the
average dust particle size decreases.

In the simulation shown in Fig. 7 the Stokes number of the
dominant particles never exceeds unity, i.e. never breaks the ra-
dial drift barrier, at any disk radius considered at any time. This
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∼1 AU in the disk, the simulation shows that particles may grow
to sizes that correspond to a Stokes number slighly smaller than
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break through the St = 1 barrier for certain disk parameters.
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the dominant dust particle size for different disk masses after
104 yrs of disk evolution as a function of disk radius. We find that
the particle size increases by an order of magnitude if the disk
mass is increased from 1% to 20% of the central mass. Larger
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smaller than unity. Of course, particles may grow to larger sizes
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Figure 1. Examples of initial BPCA clusters consisting of 8000 particles (left) and BCCA clusters consisting of 8192 particles (right). Gray rings indicate the size of the
characteristic radius. These aggregates collide with each other vertically at an impact parameter b with a relative velocity ucol. Here, the cases of B(= b/bmax) = 0.69
are shown.

The critical displacements for sliding and twisting are given by
ζcrit ≃ 4.3 Å and φcrit ≃ 1.◦1, respectively (Wada et al. 2007).
The critical rolling displacement, on the other hand, is not well
determined, ranging from 2 Å, which is theoretically given by
Dominik & Tielens (1995), to 32 Å, experimentally, by Heim
et al. (1999). The rolling motion, however, does not play an
important role in the disruption process that we focus on in the
present paper. Indeed, previous studies show that the degree of
disruption of aggregates does not depend on ξcrit (Wada et al.
2007, 2008). In this study, therefore, we fix ξcrit = 8 Å.

As initial conditions, we prepare BPCA or BCCA clusters.
We first describe the initial BPCA clusters and their collision
conditions. The BPCA clusters (see Figure 1) are produced by
ballistic sticking of monomer particles one by one in a random
direction. The initial BPCA clusters consist of 500, 2000, or
8000 particles. Changing the sticking direction randomly, we
prepare three kinds of BPCA clusters for the same number of
constituent particles. They all have a fractal dimension ≃3 as
expected. We deal with collisions between the same clusters.
We average numerical results for these collisions of three kinds
of aggregates randomly produced.

Offset collisions between BPCA clusters are represented
by the impact parameter b, which is the projected distance
between the centers of mass of the aggregates in the direction
perpendicular to the collision velocity. The maximum value of
b is determined with characteristic radii rc of two colliding
aggregates given by (Mukai et al. 1992),

rc =
√

5
3

1
N

∑

i

|xi − xM|2, (2)

where xi is the position vector of particle i, xM is that of the
center of mass of an aggregate, and N is the number of particles
in the aggregate. A sphere of the characteristic radius almost
encloses the whole aggregate, as shown in Figure 1. Using the
characteristic radii of two colliding aggregates, rc,1 and rc,2, the
maximum value of b is given by

bmax = rc,1 + rc,2, (3)

and the normalized impact parameter B is defined by

B = b

bmax
. (4)

Figure 1 shows an example of initial BPCA clusters with
B = 0.69. Changing B value from 0 (head-on collision) to
1 (grazing collision), we will see the influence of the offset on
collision outcomes (see Figure 2). We choose nine values of
B as B = 0.00, 0.19, 0.39, 0.49, 0.58, 0.69, 0.77, 0.89, 1.00. In
addition, we average numerical results over B and obtain the
averaged effect of the offset collisions. For example, the growth
efficiency f, which is defined later in Section 3.1.1, is averaged
as

f̄ =
∫ 1

0
f dB2. (5)

Dominik & Tielens (1997) and Wada et al. (2008) indicated
that the onset of disruption for fluffy (BCCA) aggregates
in head-on collisions appears at the impact energy Eimp ≃
3NtotalEbreak, where Ntotal is the total number of particles of
two colliding aggregates. In our simulations, Eimp is given by
Eimp = (1/2)Ntotalm1(ucol/2)2, where m1 is the mass of one
particle and ucol is the relative collision velocity. Using the
above criterion on the onset of disruption, the critical collision
velocity leading to disruption of fluffy aggregates is given by

ucol,c ≃

√
24Ebreak

m1
. (6)

Substituting Equation (1) for Ebreak and m1 = (4/3)πρr3
1 , ucol,c

is given by ∼19 m s−1 for aggregates consisting of 0.1 µm
sized icy monomers. Since we focus on the disruption process
in aggregate collisions, we set ucol relatively high, ranging from
6 m s−1 to ∼300 m s−1.

By employing a similar way to produce BPCA clusters, we
also prepare BCCA clusters, which are produced by successive

Dust aggregate
radius : a, mass: m
internal density: ρ

Wada et al. 2009
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Figure 1. Examples of initial BPCA clusters consisting of 8000 particles (left) and BCCA clusters consisting of 8192 particles (right). Gray rings indicate the size of the
characteristic radius. These aggregates collide with each other vertically at an impact parameter b with a relative velocity ucol. Here, the cases of B(= b/bmax) = 0.69
are shown.
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present paper. Indeed, previous studies show that the degree of
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8000 particles. Changing the sticking direction randomly, we
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constituent particles. They all have a fractal dimension ≃3 as
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in head-on collisions appears at the impact energy Eimp ≃
3NtotalEbreak, where Ntotal is the total number of particles of
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Laboratory experiments 
Quarz (Colwell et al. 2003), SiO2, MgSiO3 (Blum and 
Wurm 2000), Graphite, Al2O3 (Reisshaus et al. 2006), Ice 
(Gundlach and Blum 2015), CO2 (Musiolik et al. 2016)
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Fig. 6. Total ejecta mass averaged over b as a function of ucol for colli-
sions with various combinations of Nproj and Ntarget. The thin solid line
denotes equation (9).The scale of the upper horizontal axis is given by
ucol/
√
Ebreak/m.

– On the other hand, the high mass ratio does not affect signif-
icantly the critical collision velocity ucol,crit for dust growth.
We show that ucol,crit results in around 80 m s−1 almost inde-
pendent on the size and the mass ratio. We obtain a scaling
relation

ucol,crit ≃ 20
√
Ebreak/m (11)

with Ebreak being the breaking energy for a pair of particles in
contact and m the monomer mass. From this scaling relation,
we obtain

ucol,crit =

{
80 (r/0.1µm)−5/6 for ice
8 (r/0.1µm)−5/6 for silicate (12)

– It should be noted that ucol,crit for head-on collisions reaches
more than twice that given in the above equations. However,
if the realistic averaging over the impact parameter is done,
offset collisions are dominant and head-on collisions does
not contribute to the increase in ucol,crit.

– The total ejecta mass Mej = Ntarget + Nproj − Nlarge is also
examined in our simulations. We obtain a scaling relation on
the ejecta mass  Mej averaged over the impact parameter b for
relatively high ucol > 20 m s−1 as

 Mej = Mproj
ucol

ucol,crit
(13)

This indicates that the total ejecta mass is determined by the
projectile’s momentum. Combining this scaling relation with
the fragmentation model of Kobayashi & Tanaka (2010), we
also obtain a formula of the specific energy for ejecting the
half mass of colliding bodies, Q∗D, as

Q∗D ≃ ucolucol,crit/2. (14)

Applying the above scaling relation to aggregates consisting
of silicate particles with a radius of 0.1 µm, ucol,crit results in only
8 m s−1, less than the collision velocity achieved in protoplane-
tary disks. Although icy dust can grow through collisions and
the different mass ratio helps the dust growth, another factor in
dust aggregate collisions should be considered to increase the
feasibility of silicate dust growth for planetesimal formation.
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Figure 1. Examples of initial BPCA clusters consisting of 8000 particles (left) and BCCA clusters consisting of 8192 particles (right). Gray rings indicate the size of the
characteristic radius. These aggregates collide with each other vertically at an impact parameter b with a relative velocity ucol. Here, the cases of B(= b/bmax) = 0.69
are shown.

The critical displacements for sliding and twisting are given by
ζcrit ≃ 4.3 Å and φcrit ≃ 1.◦1, respectively (Wada et al. 2007).
The critical rolling displacement, on the other hand, is not well
determined, ranging from 2 Å, which is theoretically given by
Dominik & Tielens (1995), to 32 Å, experimentally, by Heim
et al. (1999). The rolling motion, however, does not play an
important role in the disruption process that we focus on in the
present paper. Indeed, previous studies show that the degree of
disruption of aggregates does not depend on ξcrit (Wada et al.
2007, 2008). In this study, therefore, we fix ξcrit = 8 Å.

As initial conditions, we prepare BPCA or BCCA clusters.
We first describe the initial BPCA clusters and their collision
conditions. The BPCA clusters (see Figure 1) are produced by
ballistic sticking of monomer particles one by one in a random
direction. The initial BPCA clusters consist of 500, 2000, or
8000 particles. Changing the sticking direction randomly, we
prepare three kinds of BPCA clusters for the same number of
constituent particles. They all have a fractal dimension ≃3 as
expected. We deal with collisions between the same clusters.
We average numerical results for these collisions of three kinds
of aggregates randomly produced.

Offset collisions between BPCA clusters are represented
by the impact parameter b, which is the projected distance
between the centers of mass of the aggregates in the direction
perpendicular to the collision velocity. The maximum value of
b is determined with characteristic radii rc of two colliding
aggregates given by (Mukai et al. 1992),

rc =
√

5
3

1
N

∑

i

|xi − xM|2, (2)

where xi is the position vector of particle i, xM is that of the
center of mass of an aggregate, and N is the number of particles
in the aggregate. A sphere of the characteristic radius almost
encloses the whole aggregate, as shown in Figure 1. Using the
characteristic radii of two colliding aggregates, rc,1 and rc,2, the
maximum value of b is given by

bmax = rc,1 + rc,2, (3)

and the normalized impact parameter B is defined by

B = b

bmax
. (4)

Figure 1 shows an example of initial BPCA clusters with
B = 0.69. Changing B value from 0 (head-on collision) to
1 (grazing collision), we will see the influence of the offset on
collision outcomes (see Figure 2). We choose nine values of
B as B = 0.00, 0.19, 0.39, 0.49, 0.58, 0.69, 0.77, 0.89, 1.00. In
addition, we average numerical results over B and obtain the
averaged effect of the offset collisions. For example, the growth
efficiency f, which is defined later in Section 3.1.1, is averaged
as

f̄ =
∫ 1

0
f dB2. (5)

Dominik & Tielens (1997) and Wada et al. (2008) indicated
that the onset of disruption for fluffy (BCCA) aggregates
in head-on collisions appears at the impact energy Eimp ≃
3NtotalEbreak, where Ntotal is the total number of particles of
two colliding aggregates. In our simulations, Eimp is given by
Eimp = (1/2)Ntotalm1(ucol/2)2, where m1 is the mass of one
particle and ucol is the relative collision velocity. Using the
above criterion on the onset of disruption, the critical collision
velocity leading to disruption of fluffy aggregates is given by

ucol,c ≃

√
24Ebreak

m1
. (6)

Substituting Equation (1) for Ebreak and m1 = (4/3)πρr3
1 , ucol,c

is given by ∼19 m s−1 for aggregates consisting of 0.1 µm
sized icy monomers. Since we focus on the disruption process
in aggregate collisions, we set ucol relatively high, ranging from
6 m s−1 to ∼300 m s−1.

By employing a similar way to produce BPCA clusters, we
also prepare BCCA clusters, which are produced by successive
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Figure 5. Examples of collisional outcomes of icy CPE aggregates for various nc and ucol. Panels are arranged by nc (row) and ucol (column). In each panel, the left
is the appearance of the outcome and the right is its cross-sectional view. Particles in the cross-sectional views are painted, depending on the amount of dissipation
energy in them (0 to Ebreak) as indicated in the scale bar. Panels of rebound cases are framed by lines.
(A color version of this figure is available in the online journal.)

For CL aggregates, we consider not only collisions of ag-
gregates with a random orientation, but also the face-to-face
collisions, which may lead to particular outcomes. We call the
former case a non-face collision and the latter a face collision.
The collisional outcomes on sticking or rebound of icy CL ag-
gregates are summarized in Figure 8.

The non-face collisions of dense cubic lattices (k = 0), for
which nc = 6 theoretically but actually nc = 5.4 due to the
surface effect, result in bouncing, except for low-velocity cases
of Eimp ! Ebreak. Typical rebound events of them are shown
in the upper panels of Figure 9. At higher collision velocities,
rebound with fragmentation occurs. On the other hand, for the
sparse cubic lattice (k = 1, 2, 3), which have nc = 2.9, 2.5, 2.4,
always result in sticking at non-face collisions. As shown in
the lower panels of Figure 9, higher collision velocities lead to
large restructuring of the lattices, which enables large energy
dissipation.

Face collisions have slightly different outcomes than non-face
collisions. In an intermediate-velocity range, sticking events
are observed even for the dense cubic lattice (Figure 8). This
is because face collisions produce many contact points at the

colliding faces, leading to efficient energy dissipation (see
middle panels of Figure 10). Higher collision velocities induce
rebound accompanied with fragmentation even for the sparse
lattices, but this is due to our definition of a rebound event; as
seen in the right panels of Figure 10, these “rebound” events
should be classified as fragmentation events. The face collisions
tend to excite a coherent wave, which induces this kind of
disruption.

Although face collisions make peculiar outcomes, face col-
lisions are rare in comparison with non-face collisions. Hence,
it is concluded that the rebound condition is controlled mainly
by nc for CL aggregates and that its critical value is around 6 as
well as for CPE aggregates.

BAM aggregates we prepared are of two types, BAM1 and
BAM2, having nc = 4 and 6, respectively (Shen et al. 2008).
For each BAM, we examine four different sample aggregates:
two samples consist of 2048 particles and the other two consist
of 4096 particles. Their collisional outcomes are summarized
in Figure 11. All of BAM1 collisions result in sticking while
some cases of BAM2 collisions result in bouncing. We do not
find any size dependence of the outcomes. As a result, even for
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gregates with a random orientation, but also the face-to-face
collisions, which may lead to particular outcomes. We call the
former case a non-face collision and the latter a face collision.
The collisional outcomes on sticking or rebound of icy CL ag-
gregates are summarized in Figure 8.

The non-face collisions of dense cubic lattices (k = 0), for
which nc = 6 theoretically but actually nc = 5.4 due to the
surface effect, result in bouncing, except for low-velocity cases
of Eimp ! Ebreak. Typical rebound events of them are shown
in the upper panels of Figure 9. At higher collision velocities,
rebound with fragmentation occurs. On the other hand, for the
sparse cubic lattice (k = 1, 2, 3), which have nc = 2.9, 2.5, 2.4,
always result in sticking at non-face collisions. As shown in
the lower panels of Figure 9, higher collision velocities lead to
large restructuring of the lattices, which enables large energy
dissipation.

Face collisions have slightly different outcomes than non-face
collisions. In an intermediate-velocity range, sticking events
are observed even for the dense cubic lattice (Figure 8). This
is because face collisions produce many contact points at the

colliding faces, leading to efficient energy dissipation (see
middle panels of Figure 10). Higher collision velocities induce
rebound accompanied with fragmentation even for the sparse
lattices, but this is due to our definition of a rebound event; as
seen in the right panels of Figure 10, these “rebound” events
should be classified as fragmentation events. The face collisions
tend to excite a coherent wave, which induces this kind of
disruption.

Although face collisions make peculiar outcomes, face col-
lisions are rare in comparison with non-face collisions. Hence,
it is concluded that the rebound condition is controlled mainly
by nc for CL aggregates and that its critical value is around 6 as
well as for CPE aggregates.

BAM aggregates we prepared are of two types, BAM1 and
BAM2, having nc = 4 and 6, respectively (Shen et al. 2008).
For each BAM, we examine four different sample aggregates:
two samples consist of 2048 particles and the other two consist
of 4096 particles. Their collisional outcomes are summarized
in Figure 11. All of BAM1 collisions result in sticking while
some cases of BAM2 collisions result in bouncing. We do not
find any size dependence of the outcomes. As a result, even for
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Fig. 1. Schematic drawing to illustrate dust growth via fluffy aggregates.
a) The dust aggregate hits another aggregate to be stick. This reduces
dust density and occurs in a very early stage of dust growth. b) When the
collisional speed is high enough to disrupt the dust aggregates, they are
compressed. c) Dust aggregates have a velocity difference against gas,
and they feel the ram pressure by the gas. The ram pressure statically
compresses the dust aggregates. d) When the dust aggregates become
so massive that they do not support their structure, they are compressed
by their own self-gravity.

2. Method

The compressive strength of a highly porous dust aggregate, P,
is given by (Kataoka et al. 2013)

P =
Eroll

r3
0

(
ρ

ρ0

)3

, (1)

where ρ is the mean internal density of the dust aggregate, r0
the monomer radius, ρ0 the material density, and Eroll the rolling
energy, which is the energy for rolling a particle over a quar-
ter of the circumference of another particle (Dominik & Tielens
1997; Wada et al. 2007). In this paper, we adopt ρ0 = 1.0 g/cm3,
r0 = 0.1 µm, and Eroll = 4.74×10−9 erg, which correspond to icy
particles. Eroll is proportional to the critical displacement, which
has an uncertainty from 2 Å to 30 Å (Dominik & Tielens 1997;
Heim et al. 1999). For later discussion, we note that the dust den-
sity is proportional to E1/3

roll and thus the uncertainty little affects
the resulting dust density.

When a dust aggregate feels a pressure that is higher than
its compressive strength, the aggregate is quasi-statically com-
pressed until its strength equals the pressure. We define the dust
internal density where the compressive strength equals a given

pressure as an equilibrium density ρeq. Using Eq. (1), we
obtain ρeq as

ρeq =

⎛
⎜⎜⎜⎜⎝

r3
0

Eroll
P

⎞
⎟⎟⎟⎟⎠

1/3

ρ0. (2)

We consider a source of the pressure to be ram pressure of the
disk gas or self-gravity of the aggregate.

We obtain ram pressure of the disk gas as follows. We con-
sider a dust aggregate of mass m and radius r, which is moving
in the disk gas with velocity v against the gas. The pressure Pgas
against the aggregate can be defined as the gas drag force di-
vided by the geometrical cross section: Pgas ≡ Fdrag/A, where
Fdrag = mv/ts, A = πr2, and ts is the stopping time of the aggre-
gate. While the pressure has both compressive and tensile com-
ponents, we assume that the pressure is compressive. Thus, we
obtain the pressure as

Pgas =
mv
πr2

1
ts
· (3)

The typical gas drag law is adopted to obtain ts and v. The gas
drag law is the Epstein regime, when the dust radius is less than
4/9 times the mean free path of gas. On the other hand, it is
the Stokes regime if the Reynolds number is less than unity (see
Eq. (4) in Okuzumi et al. 2012, for example). When the Reynolds
number exceeds unity, the gas drag law changes as a function
of Reynolds number (see Eqs. (8a) to (8c) in Weidenschilling
1977). The drag force is determined by the relative velocity of
the gas and dust. The relative velocity is induced by Brownian
motion, radial drift, azimuthal drift, and turbulence. We use the
closed formula of the turbulence model (Ormel & Cuzzi 2007)
and assume the turbulent parameter αD = 10−3, except for the
strong turbulence case, where αD = 10−2.

We assume the minimum mass solar nebula (MMSN), which
was constructed based on our solar system (Hayashi 1981).
At a radial distance R from the central star, the gas-surface
density profile is 1700 g/cm2 × (R/1 AU)−1.5 and the dust-
to-gas mass ratio is 0.01. The temperature profile adopted is
137 K × (R/1 AU)−3/7, which corresponds to midplane temper-
ature (Chiang et al. 2001). This is cooler than optically thin disk
models to focus on the dust coagulation in the midplane.

We also calculate the self-gravitational pressure as follows.
Although the gravitational pressure has distribution in the ag-
gregates, we simply assume a uniform pressure inside the aggre-
gates. We define the force on the dust aggregates as F = Gm2/r2,
and the area A = πr2. Thus, the self-gravitational pressure is

Pgrav =
Gm2

πr4 · (4)

We note that the equilibrium density of self-gravitational com-
pression depends only on dust mass and internal density and not
on the disk properties.

3. Results

First, we calculate the equilibrium density of dust aggregates in a
wide range in mass, where their compressive strength is equal to
the gas or self-gravitational pressure. Figure 2 shows the equi-
librium dust density against dust mass at 5 AU in the disk. If
the gas or self-gravitational pressure is higher than the compres-
sive strength, the dust aggregate is compressed to achieve the
equilibrium density because the strength is higher in denser dust
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Fig. 1. Schematic drawing to illustrate dust growth via fluffy aggregates.
a) The dust aggregate hits another aggregate to be stick. This reduces
dust density and occurs in a very early stage of dust growth. b) When the
collisional speed is high enough to disrupt the dust aggregates, they are
compressed. c) Dust aggregates have a velocity difference against gas,
and they feel the ram pressure by the gas. The ram pressure statically
compresses the dust aggregates. d) When the dust aggregates become
so massive that they do not support their structure, they are compressed
by their own self-gravity.

2. Method

The compressive strength of a highly porous dust aggregate, P,
is given by (Kataoka et al. 2013)

P =
Eroll

r3
0

(
ρ

ρ0

)3

, (1)

where ρ is the mean internal density of the dust aggregate, r0
the monomer radius, ρ0 the material density, and Eroll the rolling
energy, which is the energy for rolling a particle over a quar-
ter of the circumference of another particle (Dominik & Tielens
1997; Wada et al. 2007). In this paper, we adopt ρ0 = 1.0 g/cm3,
r0 = 0.1 µm, and Eroll = 4.74×10−9 erg, which correspond to icy
particles. Eroll is proportional to the critical displacement, which
has an uncertainty from 2 Å to 30 Å (Dominik & Tielens 1997;
Heim et al. 1999). For later discussion, we note that the dust den-
sity is proportional to E1/3

roll and thus the uncertainty little affects
the resulting dust density.

When a dust aggregate feels a pressure that is higher than
its compressive strength, the aggregate is quasi-statically com-
pressed until its strength equals the pressure. We define the dust
internal density where the compressive strength equals a given

pressure as an equilibrium density ρeq. Using Eq. (1), we
obtain ρeq as

ρeq =

⎛
⎜⎜⎜⎜⎝

r3
0

Eroll
P

⎞
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ρ0. (2)

We consider a source of the pressure to be ram pressure of the
disk gas or self-gravity of the aggregate.

We obtain ram pressure of the disk gas as follows. We con-
sider a dust aggregate of mass m and radius r, which is moving
in the disk gas with velocity v against the gas. The pressure Pgas
against the aggregate can be defined as the gas drag force di-
vided by the geometrical cross section: Pgas ≡ Fdrag/A, where
Fdrag = mv/ts, A = πr2, and ts is the stopping time of the aggre-
gate. While the pressure has both compressive and tensile com-
ponents, we assume that the pressure is compressive. Thus, we
obtain the pressure as

Pgas =
mv
πr2

1
ts
· (3)

The typical gas drag law is adopted to obtain ts and v. The gas
drag law is the Epstein regime, when the dust radius is less than
4/9 times the mean free path of gas. On the other hand, it is
the Stokes regime if the Reynolds number is less than unity (see
Eq. (4) in Okuzumi et al. 2012, for example). When the Reynolds
number exceeds unity, the gas drag law changes as a function
of Reynolds number (see Eqs. (8a) to (8c) in Weidenschilling
1977). The drag force is determined by the relative velocity of
the gas and dust. The relative velocity is induced by Brownian
motion, radial drift, azimuthal drift, and turbulence. We use the
closed formula of the turbulence model (Ormel & Cuzzi 2007)
and assume the turbulent parameter αD = 10−3, except for the
strong turbulence case, where αD = 10−2.

We assume the minimum mass solar nebula (MMSN), which
was constructed based on our solar system (Hayashi 1981).
At a radial distance R from the central star, the gas-surface
density profile is 1700 g/cm2 × (R/1 AU)−1.5 and the dust-
to-gas mass ratio is 0.01. The temperature profile adopted is
137 K × (R/1 AU)−3/7, which corresponds to midplane temper-
ature (Chiang et al. 2001). This is cooler than optically thin disk
models to focus on the dust coagulation in the midplane.

We also calculate the self-gravitational pressure as follows.
Although the gravitational pressure has distribution in the ag-
gregates, we simply assume a uniform pressure inside the aggre-
gates. We define the force on the dust aggregates as F = Gm2/r2,
and the area A = πr2. Thus, the self-gravitational pressure is

Pgrav =
Gm2

πr4 · (4)

We note that the equilibrium density of self-gravitational com-
pression depends only on dust mass and internal density and not
on the disk properties.

3. Results

First, we calculate the equilibrium density of dust aggregates in a
wide range in mass, where their compressive strength is equal to
the gas or self-gravitational pressure. Figure 2 shows the equi-
librium dust density against dust mass at 5 AU in the disk. If
the gas or self-gravitational pressure is higher than the compres-
sive strength, the dust aggregate is compressed to achieve the
equilibrium density because the strength is higher in denser dust
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Fig. 1. Schematic drawing to illustrate dust growth via fluffy aggregates.
a) The dust aggregate hits another aggregate to be stick. This reduces
dust density and occurs in a very early stage of dust growth. b) When the
collisional speed is high enough to disrupt the dust aggregates, they are
compressed. c) Dust aggregates have a velocity difference against gas,
and they feel the ram pressure by the gas. The ram pressure statically
compresses the dust aggregates. d) When the dust aggregates become
so massive that they do not support their structure, they are compressed
by their own self-gravity.

2. Method

The compressive strength of a highly porous dust aggregate, P,
is given by (Kataoka et al. 2013)

P =
Eroll

r3
0

(
ρ
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)3

, (1)

where ρ is the mean internal density of the dust aggregate, r0
the monomer radius, ρ0 the material density, and Eroll the rolling
energy, which is the energy for rolling a particle over a quar-
ter of the circumference of another particle (Dominik & Tielens
1997; Wada et al. 2007). In this paper, we adopt ρ0 = 1.0 g/cm3,
r0 = 0.1 µm, and Eroll = 4.74×10−9 erg, which correspond to icy
particles. Eroll is proportional to the critical displacement, which
has an uncertainty from 2 Å to 30 Å (Dominik & Tielens 1997;
Heim et al. 1999). For later discussion, we note that the dust den-
sity is proportional to E1/3

roll and thus the uncertainty little affects
the resulting dust density.

When a dust aggregate feels a pressure that is higher than
its compressive strength, the aggregate is quasi-statically com-
pressed until its strength equals the pressure. We define the dust
internal density where the compressive strength equals a given

pressure as an equilibrium density ρeq. Using Eq. (1), we
obtain ρeq as

ρeq =
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We consider a source of the pressure to be ram pressure of the
disk gas or self-gravity of the aggregate.

We obtain ram pressure of the disk gas as follows. We con-
sider a dust aggregate of mass m and radius r, which is moving
in the disk gas with velocity v against the gas. The pressure Pgas
against the aggregate can be defined as the gas drag force di-
vided by the geometrical cross section: Pgas ≡ Fdrag/A, where
Fdrag = mv/ts, A = πr2, and ts is the stopping time of the aggre-
gate. While the pressure has both compressive and tensile com-
ponents, we assume that the pressure is compressive. Thus, we
obtain the pressure as

Pgas =
mv
πr2

1
ts
· (3)

The typical gas drag law is adopted to obtain ts and v. The gas
drag law is the Epstein regime, when the dust radius is less than
4/9 times the mean free path of gas. On the other hand, it is
the Stokes regime if the Reynolds number is less than unity (see
Eq. (4) in Okuzumi et al. 2012, for example). When the Reynolds
number exceeds unity, the gas drag law changes as a function
of Reynolds number (see Eqs. (8a) to (8c) in Weidenschilling
1977). The drag force is determined by the relative velocity of
the gas and dust. The relative velocity is induced by Brownian
motion, radial drift, azimuthal drift, and turbulence. We use the
closed formula of the turbulence model (Ormel & Cuzzi 2007)
and assume the turbulent parameter αD = 10−3, except for the
strong turbulence case, where αD = 10−2.

We assume the minimum mass solar nebula (MMSN), which
was constructed based on our solar system (Hayashi 1981).
At a radial distance R from the central star, the gas-surface
density profile is 1700 g/cm2 × (R/1 AU)−1.5 and the dust-
to-gas mass ratio is 0.01. The temperature profile adopted is
137 K × (R/1 AU)−3/7, which corresponds to midplane temper-
ature (Chiang et al. 2001). This is cooler than optically thin disk
models to focus on the dust coagulation in the midplane.

We also calculate the self-gravitational pressure as follows.
Although the gravitational pressure has distribution in the ag-
gregates, we simply assume a uniform pressure inside the aggre-
gates. We define the force on the dust aggregates as F = Gm2/r2,
and the area A = πr2. Thus, the self-gravitational pressure is

Pgrav =
Gm2

πr4 · (4)

We note that the equilibrium density of self-gravitational com-
pression depends only on dust mass and internal density and not
on the disk properties.

3. Results

First, we calculate the equilibrium density of dust aggregates in a
wide range in mass, where their compressive strength is equal to
the gas or self-gravitational pressure. Figure 2 shows the equi-
librium dust density against dust mass at 5 AU in the disk. If
the gas or self-gravitational pressure is higher than the compres-
sive strength, the dust aggregate is compressed to achieve the
equilibrium density because the strength is higher in denser dust
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Fig. 13. Same as Figure 12, but plotted with linear scale of � and
reversal of xy axis to compare with previous studies (see Figure 4 in
Seizinger et al. (2012)). The dotted line is the result of numerical sim-
ulations in the high density region (� & 0.1) in Seizinger et al. (2012)
and the thin solid line is the fitting formula proposed by Güttler et al.
(2009). Our results consistently connect to the previous simulations in
the high density region.

by cluster-cluster aggregation. A large void exists between the
two smaller clusters and they are connected with one connection
of monomers in contact, represented by dashed line in the right
panel of Figure 14. The compression of the BCCA cluster oc-
curs by crashing the large void, which requires only rolling of
the monomers at the connection.

Now, let us estimate the compression strength. In static com-
pression, the aggregate is compressed by external pressure. Each
BCCA cluster feels a similar pressure, P. Using the pressure, the
force on the BCCA cluster is approximately given by

F ⇠ P · r2
BCCA. (30)

Since the crashing of the large void is accompanied by rolling of
a pair of monomers in contact, the work required for the crash-
ing is given by so-called the rolling energy of monomers, Eroll
(Dominik & Tielens (1997) or see Equation (1) for its defini-
tion). Therefore, the required force to compress the aggregate
satisfies,

F · rBCCA ⇠ Eroll. (31)

Substituting Equation (30), we further obtain the required pres-
sure to compress the aggregate as

P ⇠ Eroll

r

3
BCCA

. (32)

The radius of the BCCA clusters can be written by using the
physical values of the whole aggregate. The internal density of
the BCCA cluster is dependent on its radius. The BCCA cluster
has the fractal dimension of 2, and its radius is approximately
given by rBCCA = N

1/2
r0, where N is the number of constituent

monomers in the BCCA subcluster. The internal density of the
BCCA cluster is evaluated as

⇢ ⇠ Nm0

r

3
BCCA

⇠
 

rBCCA

r0

!�1

⇢0. (33)

Using equations (32) and (33), we finally obtain the required
pressure (or the compression strength) as

P ⇠ Eroll

r

3
0

 
⇢

⇢0

!3

. (34)

This is the same as Equation (25) obtained from our numerical
simulations.

5. Summary

We investigate the static compression strength of highly porous
dust aggregates, whose filling factor � is lower than 0.1. We
perform numerical N-body simulations of static compression of
highly porous dust aggregates. The initial dust aggregate is as-
sumed to be a BCCA cluster. The particle-particle interaction
model is based on Dominik & Tielens (1997) and Wada et al.
(2007). We introduce a new method for compression. We adopt
the periodic boundary condition in order to compress the dust ag-
gregate uniformly and naturally. Because of the periodic bound-
ary condition, the dust aggregate in computational region rep-
resents a part of a large aggregate, and thus we can investigate
the compression of a large aggregate. The periodic boundaries
move toward the center and the distance between the boundaries
becomes small. To measure the pressure of the aggregate, we
adopt a similar manner used in molecular dynamics simulations.
As a result of the numerical simulations, our main findings are
as follows.

– The compression strength can be written as

P =
Eroll

r

3
0

�3, (35)

where Eroll is the rolling energy of monomer particles, r0 is
the monomer radius, and � is the filling factor. We define
the filling factor as � = ⇢/⇢0, where ⇢ is the mass density
of the whole aggregate, and ⇢0 is the material mass density.
Equation (35) is independent of the numerical parameters;
the number of particles, the size of the initial BCCA cluster,
the boundary speed, the normal damping force. We confirm
that Equation (35) is applicable in di↵erent Eroll and r0. We
also analytically confirm Equation (35).

– Equation (35) is valid where � . 0.1 in the high density
region. In the low density region, we confirm that Equation
(35) is valid for � & 10�3 in the case of N = 16384. From the
results of di↵erent initial sizes of the aggregates, Equation
(35) is valid in the lower density region in the case of the
larger aggregates.

– The initial BCCA cluster has a fractal dimension of 2 in
the radius of the cluster, although the whole aggregate has
a fractal dimension of 3 because of the periodic boundary.
As compression proceeds, the fractal dimension inside the
radius of the initial BCCA cluster becomes 3, while the frac-
tal dimension in smaller scale keeps being 2. This means
that the initial set up, which is that fractal dimension in large
scale is 3 and that in small scale is 2, well reproduce the
structure of a dust aggregate in static compression as a con-
sequence. This also supports the fact that the compression
strength is determined by BCCA structures in a small scale.

– The static compression in the high density region (� & 0.1)
has been investigated in silicate case in previous studies
(Seizinger et al. 2012). We perform the numerical simula-
tions in silicate case and confirm that our results are consis-
tent with that of previous studies in the high density region.

Article number, page 11 of 12

・compressive strength

・external pressure
- ram pressure of the gas

- self-gravity

(Kataoka et al. 2013a, A&A)

Kataoka et al. 2013b



Akimasa Kataoka (Heidelberg University)

m [g]

ρ 
[
g
/
c
m
3
]

R=5AU

1µm

100µm

1cm

1m
100m

10km

10-5

10-4

10-3

10-2

10-1

100

10-10 10-5 100 105 1010 1015 1020

solid mass [g]

du
st

-in
te

rn
al

 d
en

si
ty

 [g
/c

m
3 ]

Radial Drift 
Barrier

fractal growth

Gas-drag 
compression

Self-gravity 
compression

Planetesimals

Dust grains (0.1 μm)

9

Compact growth

10 km
1μm

100 μm

1 cm

1 m 100 m

Planetesimal formation via fluffy aggregates

Kataoka et al. 2013b, A&A



Akimasa Kataoka (Heidelberg University) 10

10-5

10-4

10-3

10-2

10-1

100

10-10 10-5 100 105 1010 1015 1020

hit-and-stick

gas compression

self-gravity
compression

classical scenario

ISM

planetesimals

(mass-equivalent radius)
1µm 1mm 1m 1km

5 AU

30 AU

m [g]

Dependence on the orbital radius
A&A 557, L4 (2013)

(a) Hit-and-stick

(b) Collisional compression

(c) Gas compression

(d) Self-gravitational compression

gas flow

gravitational force

Fig. 1. Schematic drawing to illustrate dust growth via fluffy aggregates.
a) The dust aggregate hits another aggregate to be stick. This reduces
dust density and occurs in a very early stage of dust growth. b) When the
collisional speed is high enough to disrupt the dust aggregates, they are
compressed. c) Dust aggregates have a velocity difference against gas,
and they feel the ram pressure by the gas. The ram pressure statically
compresses the dust aggregates. d) When the dust aggregates become
so massive that they do not support their structure, they are compressed
by their own self-gravity.

2. Method

The compressive strength of a highly porous dust aggregate, P,
is given by (Kataoka et al. 2013)

P =
Eroll

r3
0

(
ρ

ρ0

)3

, (1)

where ρ is the mean internal density of the dust aggregate, r0
the monomer radius, ρ0 the material density, and Eroll the rolling
energy, which is the energy for rolling a particle over a quar-
ter of the circumference of another particle (Dominik & Tielens
1997; Wada et al. 2007). In this paper, we adopt ρ0 = 1.0 g/cm3,
r0 = 0.1 µm, and Eroll = 4.74×10−9 erg, which correspond to icy
particles. Eroll is proportional to the critical displacement, which
has an uncertainty from 2 Å to 30 Å (Dominik & Tielens 1997;
Heim et al. 1999). For later discussion, we note that the dust den-
sity is proportional to E1/3

roll and thus the uncertainty little affects
the resulting dust density.

When a dust aggregate feels a pressure that is higher than
its compressive strength, the aggregate is quasi-statically com-
pressed until its strength equals the pressure. We define the dust
internal density where the compressive strength equals a given

pressure as an equilibrium density ρeq. Using Eq. (1), we
obtain ρeq as

ρeq =

⎛
⎜⎜⎜⎜⎝

r3
0

Eroll
P

⎞
⎟⎟⎟⎟⎠

1/3

ρ0. (2)

We consider a source of the pressure to be ram pressure of the
disk gas or self-gravity of the aggregate.

We obtain ram pressure of the disk gas as follows. We con-
sider a dust aggregate of mass m and radius r, which is moving
in the disk gas with velocity v against the gas. The pressure Pgas
against the aggregate can be defined as the gas drag force di-
vided by the geometrical cross section: Pgas ≡ Fdrag/A, where
Fdrag = mv/ts, A = πr2, and ts is the stopping time of the aggre-
gate. While the pressure has both compressive and tensile com-
ponents, we assume that the pressure is compressive. Thus, we
obtain the pressure as

Pgas =
mv
πr2

1
ts
· (3)

The typical gas drag law is adopted to obtain ts and v. The gas
drag law is the Epstein regime, when the dust radius is less than
4/9 times the mean free path of gas. On the other hand, it is
the Stokes regime if the Reynolds number is less than unity (see
Eq. (4) in Okuzumi et al. 2012, for example). When the Reynolds
number exceeds unity, the gas drag law changes as a function
of Reynolds number (see Eqs. (8a) to (8c) in Weidenschilling
1977). The drag force is determined by the relative velocity of
the gas and dust. The relative velocity is induced by Brownian
motion, radial drift, azimuthal drift, and turbulence. We use the
closed formula of the turbulence model (Ormel & Cuzzi 2007)
and assume the turbulent parameter αD = 10−3, except for the
strong turbulence case, where αD = 10−2.

We assume the minimum mass solar nebula (MMSN), which
was constructed based on our solar system (Hayashi 1981).
At a radial distance R from the central star, the gas-surface
density profile is 1700 g/cm2 × (R/1 AU)−1.5 and the dust-
to-gas mass ratio is 0.01. The temperature profile adopted is
137 K × (R/1 AU)−3/7, which corresponds to midplane temper-
ature (Chiang et al. 2001). This is cooler than optically thin disk
models to focus on the dust coagulation in the midplane.

We also calculate the self-gravitational pressure as follows.
Although the gravitational pressure has distribution in the ag-
gregates, we simply assume a uniform pressure inside the aggre-
gates. We define the force on the dust aggregates as F = Gm2/r2,
and the area A = πr2. Thus, the self-gravitational pressure is

Pgrav =
Gm2

πr4 · (4)

We note that the equilibrium density of self-gravitational com-
pression depends only on dust mass and internal density and not
on the disk properties.

3. Results

First, we calculate the equilibrium density of dust aggregates in a
wide range in mass, where their compressive strength is equal to
the gas or self-gravitational pressure. Figure 2 shows the equi-
librium dust density against dust mass at 5 AU in the disk. If
the gas or self-gravitational pressure is higher than the compres-
sive strength, the dust aggregate is compressed to achieve the
equilibrium density because the strength is higher in denser dust
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Opacity evolution
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How can we understand porosity?

13

(mass)

(area)
⇠ a3f

a2
⇠ af

 af = const ⇔ mass-to-area ratio = const

Stokes number

St =
3⌦

4⇢gvth

m

⇡a2

Opacity

(Epstein regime)

abs =
⇡a2

m
Qabs = f(m/⇡a2)

(Kataoka et al. 2014)
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(a) x<1

(b) x>1, optically thin

(c) x>1, optically thick

Fig. 6. The three limiting regime. (a) When x ⌧ 1, the opacity goes into
the Rayleigh regimes. (b) When x � 1 and is optically thin (kx ⌧ 3/8),
the opacity goes into the optically thin geometric regime. (c) When x �
1 and is optically thick (kx � 3/8), the opacity goes into the optically
thick geometric regime.
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(see Eq. (2.71), Eq. (7.5), and Eq. (7.7) in BH83). This regime
is valid at shorter wavelengths (see Appendix A.3 for the opti-
cal depth of the aggregate). As shown in Appendix A.2, Qabs,3 ⇠
1 � 0.1 ⇥ f : Qabs,3 ⇠ 0.9 for compact case and Qabs,3 ⇠ 0.99
for f = 0.1. These values are regarded as unity in application to
astronomical observations. Therefore, Qabs,3 ⇠ 1 for most cases:
the absorption cross section yields the geometric cross section.
Because Qabs,3 has no dependency on f and a, abs is character-
ized by a f .

4.2.4. Analytic formula of absorption mass opacity

Combining the three limiting regimes, we obtain the analytic for-
mula of the absorption mass opacity of dust aggregates as

Qabs =

(
Qabs,1 (x < 1)
min(Qabs,2,Qabs,3) (x > 1)

. (18)

Figure 7 shows the absorption mass opacities calculated with
both the Mie calculation and the analytic formula. The absorp-
tion mass opacity of Figs. 7 (a) and (b) are the same because
a f = 0.1 µm but only the filling factor is di↵erent ( f = 1 and
f = 0.01), as shown in the previous sections (see Fig. 3). Fig-
ure 7 (a) shows the case of a f = 0.1 µm and f = 1 (compact).
The whole wavelengths in this panel satisfy x < 1, and thus
Qabs ' Qabs,1. The analytic formula greatly reproduce the Mie
calculations. Figure 7 (b) shows the case of a f = 0.1 µm and
f = 0.01 (flu↵y). In this case, a = 10 µm, and thus x = 1
at � = 2⇡a ' 63 µm. We use Qabs = Qabs,1 for x > 1 and
Qabs = Qabs,2 for x < 1 and connect them at x = 1. This also
reproduces the Mie calculation.

Figures 7 (c) and (d) show the case of a f = 1 mm, but the
filling factor is 1 and 0.01, respectively. The absorption mass
opacity of Figs. 7 (c) and (d) are almost the same except for the
interference structure. The interference structure corresponds to
where x > 1 and kx < 3/8, the optically-thin geometric optics
regime. We note that the di↵erence between the Mie calculation
and the analytic formulae is the interference structure. In Fig.
7 (c), which is the compact case, the real part of the refractive
index is greater than unity. Thus, Qabs has an enhancement be-
cause of the interference. In Fig. 7 (d), which is the flu↵y case,
on the other hand, the real part of the refractive index is almost
unity and thus no enhancement appears and smoothly connects
to x < 1 region at the longer wavelengths. From the analytic for-
mula, we conclude that the interference structure only appears in
the compact cases because n is still larger than unity when x > 1
and kx < 3/8.

4.3. Scattering mass opacity

In the same manner of obtaining the analytic formula of the ab-
sorption mass opacity, we also derive the analytic formula of the
scattering mass opacity. In addition, by using the analysis, we
explain why the mass opacity can and cannot be characterized
by a f .

4.3.1. x ⌧ 1

When x ⌧ 1, in the Rayleigh regime, Qsca can be written as

Qsca '
8
3

x

4

������
m

2 � 1
m

2 + 2

������

2

, (19)

(see Eq. (5.8) in BH83). At the longer wavelengths, n � 1 ⌧ 1
and k ⌧ 1. Therefore, the equation can be approximated to

Qsca ' Qsca,1 ⌘
32
27

x

4
⇣
(n � 1)2 + k

2
⌘
. (20)

As shown in Appendix A.1, (n�1) > k at the longer wavelengths.
Therefore, Qsca,1 / x

4(n � 1)2. By using x / a and (n � 1) / f ,
we obtain Qsca,1 / a

4
f

2. This is not characterized by a f . When
we consider two aggregates whose a f is the same, the aggregate
that has the larger radius has the larger scattering mass opacity
at the longer wavelengths although Qabs is same. In other words,
the scattering e�ciency at the longer wavelengths is a way to
determine the filling factor of flu↵y aggregates.

4.3.2. x � 1 and optically thin

If x ⌧ 1, the scattering mass opacity of an aggregate is regarded
as the sum of the scattering mass opacity of each monomer be-
cause the scattered waves from all the constituent monomers

Article number, page 8 of 16
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Conclusions
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• We investigate the the static compressive strength of highly 
porous aggregates (f<0.1)

• we reveal the overall porosity evolution
• the path avoids the three barriers: radial drift, fragmentation, 

and bouncing barriers
(Kataoka et al. 2013a, A&A, 554, A4, Kataoka et al. 2013b, A&A, 557, L4) 


• Opacities are characterized by af
(Kataoka et al., 2014, A&A, 568, A42)


• Planetesimals are formed inside ~ 10 AU
• Fluffiness does not help for the radial drift barrier in outer disk.
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(a) x<1

(b) x>1, optically thin

(c) x>1, optically thick

Fig. 6. The three limiting regime. (a) When x ⌧ 1, the opacity goes into
the Rayleigh regimes. (b) When x � 1 and is optically thin (kx ⌧ 3/8),
the opacity goes into the optically thin geometric regime. (c) When x �
1 and is optically thick (kx � 3/8), the opacity goes into the optically
thick geometric regime.
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(see Eq. (2.71), Eq. (7.5), and Eq. (7.7) in BH83). This regime
is valid at shorter wavelengths (see Appendix A.3 for the opti-
cal depth of the aggregate). As shown in Appendix A.2, Qabs,3 ⇠
1 � 0.1 ⇥ f : Qabs,3 ⇠ 0.9 for compact case and Qabs,3 ⇠ 0.99
for f = 0.1. These values are regarded as unity in application to
astronomical observations. Therefore, Qabs,3 ⇠ 1 for most cases:
the absorption cross section yields the geometric cross section.
Because Qabs,3 has no dependency on f and a, abs is character-
ized by a f .

4.2.4. Analytic formula of absorption mass opacity

Combining the three limiting regimes, we obtain the analytic for-
mula of the absorption mass opacity of dust aggregates as

Qabs =

(
Qabs,1 (x < 1)
min(Qabs,2,Qabs,3) (x > 1)

. (18)

Figure 7 shows the absorption mass opacities calculated with
both the Mie calculation and the analytic formula. The absorp-
tion mass opacity of Figs. 7 (a) and (b) are the same because
a f = 0.1 µm but only the filling factor is di↵erent ( f = 1 and
f = 0.01), as shown in the previous sections (see Fig. 3). Fig-
ure 7 (a) shows the case of a f = 0.1 µm and f = 1 (compact).
The whole wavelengths in this panel satisfy x < 1, and thus
Qabs ' Qabs,1. The analytic formula greatly reproduce the Mie
calculations. Figure 7 (b) shows the case of a f = 0.1 µm and
f = 0.01 (flu↵y). In this case, a = 10 µm, and thus x = 1
at � = 2⇡a ' 63 µm. We use Qabs = Qabs,1 for x > 1 and
Qabs = Qabs,2 for x < 1 and connect them at x = 1. This also
reproduces the Mie calculation.

Figures 7 (c) and (d) show the case of a f = 1 mm, but the
filling factor is 1 and 0.01, respectively. The absorption mass
opacity of Figs. 7 (c) and (d) are almost the same except for the
interference structure. The interference structure corresponds to
where x > 1 and kx < 3/8, the optically-thin geometric optics
regime. We note that the di↵erence between the Mie calculation
and the analytic formulae is the interference structure. In Fig.
7 (c), which is the compact case, the real part of the refractive
index is greater than unity. Thus, Qabs has an enhancement be-
cause of the interference. In Fig. 7 (d), which is the flu↵y case,
on the other hand, the real part of the refractive index is almost
unity and thus no enhancement appears and smoothly connects
to x < 1 region at the longer wavelengths. From the analytic for-
mula, we conclude that the interference structure only appears in
the compact cases because n is still larger than unity when x > 1
and kx < 3/8.

4.3. Scattering mass opacity

In the same manner of obtaining the analytic formula of the ab-
sorption mass opacity, we also derive the analytic formula of the
scattering mass opacity. In addition, by using the analysis, we
explain why the mass opacity can and cannot be characterized
by a f .

4.3.1. x ⌧ 1

When x ⌧ 1, in the Rayleigh regime, Qsca can be written as

Qsca '
8
3

x

4

������
m

2 � 1
m

2 + 2

������

2

, (19)

(see Eq. (5.8) in BH83). At the longer wavelengths, n � 1 ⌧ 1
and k ⌧ 1. Therefore, the equation can be approximated to

Qsca ' Qsca,1 ⌘
32
27

x

4
⇣
(n � 1)2 + k

2
⌘
. (20)

As shown in Appendix A.1, (n�1) > k at the longer wavelengths.
Therefore, Qsca,1 / x

4(n � 1)2. By using x / a and (n � 1) / f ,
we obtain Qsca,1 / a

4
f

2. This is not characterized by a f . When
we consider two aggregates whose a f is the same, the aggregate
that has the larger radius has the larger scattering mass opacity
at the longer wavelengths although Qabs is same. In other words,
the scattering e�ciency at the longer wavelengths is a way to
determine the filling factor of flu↵y aggregates.

4.3.2. x � 1 and optically thin

If x ⌧ 1, the scattering mass opacity of an aggregate is regarded
as the sum of the scattering mass opacity of each monomer be-
cause the scattered waves from all the constituent monomers
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Here, we discuss the structure of a monomer composed of
various materials. We assume that the monomer has a core-
mantle structure, where silicate components are inside and ice
and organics cover the silicate core. This assumption is reason-
able because the condensation temperature of silicates is much
higher than those of ices and organics. 2 The collisional and
static compression and fragmentation velocity are determined
by the surface material of monomers, which is expected to be
ice or organics. Therefore, the structure and flu�ness of the ag-
gregates are expected to be similar to icy aggregates (Okuzumi
et al. 2012; Kataoka et al. 2013b).

The e↵ective refractive index of the mixture can be derived
from dielectric functions. By using Maxwell-Garnett rule with-
out voids, the e↵ective dielectric function is obtained as

✏mix =
⌃ f

j

�
j

✏
j

⌃ f

j

�
j

, (3)

where

�
j

=
3
✏

j

+ 2
, (4)

and f

j

and ✏
j

represent the volume filling factor and the dielectric
function of each species. The dielectric function is related to the
refractive index as ✏ = m

2.
Figure 1 shows the real and imaginary part of the e↵ective

refractive index of the mixture. We use this e↵ective refractive
index as the material refractive index in the following discussion.
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Fig. 1. The complex refractive index of the mixture of silicate, organics,
and water ice.

The simplified fractional abundance based on Pollack et al.
(1994) has been widely used in several papers (e.g., D’Alessio
et al. 2001; Tanaka et al. 2005; Isella et al. 2009; Ricci et al.
2010b,a; Pérez et al. 2012). Some recent studies use the dielec-
tric functions of carbonaceous material (Zubko et al. 1996) in-
stead of organics (Pollack et al. 1994; Li & Greenberg 1997). In
protoplanetary disks, the carbonaceous materials would interact
with other species to produce organics. Thus, we use the dielec-
tric function of organics based on Pollack et al. (1994) in this
paper. However, the optical properties of organics in protoplane-
tary disks have large uncertainties because astronomical organics
may be di↵erent from laboratory data.
2 The material properties of organics, such as surface energy and
Young’s modulus, are still uncertain, but it is considered to be similar to
those of ice (e.g., Kudo et al. 2002).

2.2. Aggregates of monomers

To calculate the opacity of flu↵y aggregates, we use the e↵ective
medium theory again. In the case of the mixture of monomers
and voids, Maxwell-Garnett theory is applicable to obtain the
e↵ective dielectric function as

✏e↵ =
1 + 2 f F

1 � f F

, (5)

where

F =
✏mix � 1
✏mix + 2

, (6)

✏mix is the e↵ective dielectric function of the mixture, and f is
the volume filling factor of the aggregate.

We will investigate the mass opacity of dust aggregates for a
wide range of the dust radius a and the filling factor f . We adopt
the Mie calculation with the e↵ective medium theory described
above. Voshchinnikov et al. (2005) show that the EMT is a good
approximation when the inclusions are smaller than the wave-
lengths of radiation. Here, the monomer size is 0.1 µm while
the wavelengths are larger than 1 µm. Thus, the EMT would
be a good approximation in the calculations in this paper. The
filling factor is expected to decrease to f ⇠ 10�4 and the dust
radius grows from micron to kilometer (Kataoka et al. 2013b).
Therefore, we will investigate the mass opacity in such parame-
ter space.

We note that we do not choose a set of a and f where both a

and f are too small. In the porosity evolution scenario proposed
by Kataoka et al. (2013b), the dust aggregates grow as fractals in
the very early stage of the coagulation. This stage corresponds
to the lower limit of a and f . In this paper, we consider a set of
a and f where a f � 0.1µm.

2.3. Mass opacity

We use the Mie calculation with the e↵ective medium theory
to calculate dimensionless absorption and scattering coe�cients
Qabs and Qsca. Then, we obtain absorption and scattering mass
opacities defined as

abs =
⇡a2

m

Qabs, (7)

sca =
⇡a2

m

Qsca. (8)

We note that the mass opacities are given per gram of dust. To
obtain the mass opacities per gram of gas, one should divide the
mass opacities by the dust-to-gas mass ratio.

3. Results

3.1. Absorption mass opacity

The absorption mass opacity of porous dust aggregates strongly
depends on their size and filling factor. In protoplanetary disks,
radio emission at millimeter wavelengths provide optically thin
emission, in other words, directly reflects the opacity. Therefore,
we aim to reveal what properties of dust aggregates determine
the mass opacity.

Figure 2 shows the dependency of the mass opacities of dust
aggregates on the dust radius a and the filling factor f . Figure 2
(b) shows the mass opacity of di↵erent dust radius while the fill-
ing factor is fixed at unity (i.e., compact growth). The absorption
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Fig. 5. The ratio of scattering mass opacity over absorption mass opacity sca/abs in the cases of a f = 0.1 µm, 1 µm, 100 µm, and 1 mm. Each
panel shows the cases with the same a f , but the filling factor ranges are in f = 1, 10�1, 10�2, 10�3, and 10�4.

4.2.1. x ⌧ 1

When the dust radius a is much smaller than the wavelength �,
the opacity goes into Reyleigh regime. This corresponds to x =
2⇡a/� ⌧ 1. In this case, Qabs can be written as

Qabs ' 4x Im
 

m

2 � 1
m

2 + 2

!
=

24nkx

(n2 � k

2 + 2)2 + (2nk)2 . (11)

(see Eq. (5.11) in BH83). The imaginary part k of the refractive
index is much smaller than the real part n (see Fig. 1 and Fig.
A.1). So, we can approximate Qabs as

Qabs ' Qabs,1 ⌘
24nkx

(n2 + 2)2 . (12)

This equation explains the fact that the absorption mass opac-
ity is characterized by mass-to-area ratio or a f . At the longer
wavelengths, n is almost unity while k / f . Using f / m/a3,
we obtain that kx is proportional to m/a2, which is mass-to-area
ratio. Since abs is Qabs divided by mass-to-area ratio, abs is in-
dependent of dust properties.

4.2.2. x � 1 and optically thin

When the dust radius a is much larger than the wavelength �,
the opacity goes into geometric optics regime. In this regime,
the optical properties can be understood by tracing the ray inside
the material. The fraction of energy that transmits the material is

1�exp(�↵⇠) where ↵ = 4⇡k/�, and ⇠ is the path of the ray inside
the material. If ↵⇠ < 1, the incident light is weakly absorbed by
the material because it is optically thin on the ray. We set the
length ⇠ = 2a, the diameter of the sphere. Thus, the condition
↵⇠ < 1 corresponds to kx < 1.

In the limit of a � � (or equivalently x � 1) and optically
thin, we obtain

Qabs ' Qabs,2 ⌘
8kx

3n

⇣
n

3 � (n2 � 1)3/2
⌘
, (13)

(see Eq. (7.2) in BH83).
We note that if n = 1, which is usually satisfied in the case

of flu↵y medium, Qabs yields

Qabs = Qabs,1 = Qabs,2 =
8kx

3
. (14)

This equation is also characterized by the mass-to-area ratio
or a f because k / f and x / a. We also note that the ana-
lytic formula between optically thick and thin regimes should be
changed when Qabs is unity. Thus, we define optically thin as
kx ⌧ 3/8.

4.2.3. x � 1 and optically thick

In the limit of a � � (equivalent to x � 1) and optically thick
(kx � 3/8), on the other hand, the absorption coe�cient is de-
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Fig. 5. The ratio of scattering mass opacity over absorption mass opacity sca/abs in the cases of a f = 0.1 µm, 1 µm, 100 µm, and 1 mm. Each
panel shows the cases with the same a f , but the filling factor ranges are in f = 1, 10�1, 10�2, 10�3, and 10�4.

4.2.1. x ⌧ 1

When the dust radius a is much smaller than the wavelength �,
the opacity goes into Reyleigh regime. This corresponds to x =
2⇡a/� ⌧ 1. In this case, Qabs can be written as

Qabs ' 4x Im
 

m

2 � 1
m

2 + 2

!
=

24nkx

(n2 � k

2 + 2)2 + (2nk)2 . (11)

(see Eq. (5.11) in BH83). The imaginary part k of the refractive
index is much smaller than the real part n (see Fig. 1 and Fig.
A.1). So, we can approximate Qabs as

Qabs ' Qabs,1 ⌘
24nkx

(n2 + 2)2 . (12)

This equation explains the fact that the absorption mass opac-
ity is characterized by mass-to-area ratio or a f . At the longer
wavelengths, n is almost unity while k / f . Using f / m/a3,
we obtain that kx is proportional to m/a2, which is mass-to-area
ratio. Since abs is Qabs divided by mass-to-area ratio, abs is in-
dependent of dust properties.

4.2.2. x � 1 and optically thin

When the dust radius a is much larger than the wavelength �,
the opacity goes into geometric optics regime. In this regime,
the optical properties can be understood by tracing the ray inside
the material. The fraction of energy that transmits the material is

1�exp(�↵⇠) where ↵ = 4⇡k/�, and ⇠ is the path of the ray inside
the material. If ↵⇠ < 1, the incident light is weakly absorbed by
the material because it is optically thin on the ray. We set the
length ⇠ = 2a, the diameter of the sphere. Thus, the condition
↵⇠ < 1 corresponds to kx < 1.

In the limit of a � � (or equivalently x � 1) and optically
thin, we obtain

Qabs ' Qabs,2 ⌘
8kx

3n

⇣
n

3 � (n2 � 1)3/2
⌘
, (13)

(see Eq. (7.2) in BH83).
We note that if n = 1, which is usually satisfied in the case

of flu↵y medium, Qabs yields

Qabs = Qabs,1 = Qabs,2 =
8kx

3
. (14)

This equation is also characterized by the mass-to-area ratio
or a f because k / f and x / a. We also note that the ana-
lytic formula between optically thick and thin regimes should be
changed when Qabs is unity. Thus, we define optically thin as
kx ⌧ 3/8.

4.2.3. x � 1 and optically thick

In the limit of a � � (equivalent to x � 1) and optically thick
(kx � 3/8), on the other hand, the absorption coe�cient is de-
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Fig. 6. The three limiting regime. (a) When x ⌧ 1, the opacity goes into
the Rayleigh regimes. (b) When x � 1 and is optically thin (kx ⌧ 3/8),
the opacity goes into the optically thin geometric regime. (c) When x �
1 and is optically thick (kx � 3/8), the opacity goes into the optically
thick geometric regime.
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(see Eq. (2.71), Eq. (7.5), and Eq. (7.7) in BH83). This regime
is valid at shorter wavelengths (see Appendix A.3 for the opti-
cal depth of the aggregate). As shown in Appendix A.2, Qabs,3 ⇠
1 � 0.1 ⇥ f : Qabs,3 ⇠ 0.9 for compact case and Qabs,3 ⇠ 0.99
for f = 0.1. These values are regarded as unity in application to
astronomical observations. Therefore, Qabs,3 ⇠ 1 for most cases:
the absorption cross section yields the geometric cross section.
Because Qabs,3 has no dependency on f and a, abs is character-
ized by a f .

4.2.4. Analytic formula of absorption mass opacity

Combining the three limiting regimes, we obtain the analytic for-
mula of the absorption mass opacity of dust aggregates as

Qabs =

(
Qabs,1 (x < 1)
min(Qabs,2,Qabs,3) (x > 1)

. (18)

Figure 7 shows the absorption mass opacities calculated with
both the Mie calculation and the analytic formula. The absorp-
tion mass opacity of Figs. 7 (a) and (b) are the same because
a f = 0.1 µm but only the filling factor is di↵erent ( f = 1 and
f = 0.01), as shown in the previous sections (see Fig. 3). Fig-
ure 7 (a) shows the case of a f = 0.1 µm and f = 1 (compact).
The whole wavelengths in this panel satisfy x < 1, and thus
Qabs ' Qabs,1. The analytic formula greatly reproduce the Mie
calculations. Figure 7 (b) shows the case of a f = 0.1 µm and
f = 0.01 (flu↵y). In this case, a = 10 µm, and thus x = 1
at � = 2⇡a ' 63 µm. We use Qabs = Qabs,1 for x > 1 and
Qabs = Qabs,2 for x < 1 and connect them at x = 1. This also
reproduces the Mie calculation.

Figures 7 (c) and (d) show the case of a f = 1 mm, but the
filling factor is 1 and 0.01, respectively. The absorption mass
opacity of Figs. 7 (c) and (d) are almost the same except for the
interference structure. The interference structure corresponds to
where x > 1 and kx < 3/8, the optically-thin geometric optics
regime. We note that the di↵erence between the Mie calculation
and the analytic formulae is the interference structure. In Fig.
7 (c), which is the compact case, the real part of the refractive
index is greater than unity. Thus, Qabs has an enhancement be-
cause of the interference. In Fig. 7 (d), which is the flu↵y case,
on the other hand, the real part of the refractive index is almost
unity and thus no enhancement appears and smoothly connects
to x < 1 region at the longer wavelengths. From the analytic for-
mula, we conclude that the interference structure only appears in
the compact cases because n is still larger than unity when x > 1
and kx < 3/8.

4.3. Scattering mass opacity

In the same manner of obtaining the analytic formula of the ab-
sorption mass opacity, we also derive the analytic formula of the
scattering mass opacity. In addition, by using the analysis, we
explain why the mass opacity can and cannot be characterized
by a f .

4.3.1. x ⌧ 1

When x ⌧ 1, in the Rayleigh regime, Qsca can be written as

Qsca '
8
3

x

4

������
m

2 � 1
m

2 + 2

������

2

, (19)

(see Eq. (5.8) in BH83). At the longer wavelengths, n � 1 ⌧ 1
and k ⌧ 1. Therefore, the equation can be approximated to

Qsca ' Qsca,1 ⌘
32
27

x

4
⇣
(n � 1)2 + k

2
⌘
. (20)

As shown in Appendix A.1, (n�1) > k at the longer wavelengths.
Therefore, Qsca,1 / x

4(n � 1)2. By using x / a and (n � 1) / f ,
we obtain Qsca,1 / a

4
f

2. This is not characterized by a f . When
we consider two aggregates whose a f is the same, the aggregate
that has the larger radius has the larger scattering mass opacity
at the longer wavelengths although Qabs is same. In other words,
the scattering e�ciency at the longer wavelengths is a way to
determine the filling factor of flu↵y aggregates.

4.3.2. x � 1 and optically thin

If x ⌧ 1, the scattering mass opacity of an aggregate is regarded
as the sum of the scattering mass opacity of each monomer be-
cause the scattered waves from all the constituent monomers
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Fig. 6. The three limiting regime. (a) When x ⌧ 1, the opacity goes into
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the opacity goes into the optically thin geometric regime. (c) When x �
1 and is optically thick (kx � 3/8), the opacity goes into the optically
thick geometric regime.
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(see Eq. (2.71), Eq. (7.5), and Eq. (7.7) in BH83). This regime
is valid at shorter wavelengths (see Appendix A.3 for the opti-
cal depth of the aggregate). As shown in Appendix A.2, Qabs,3 ⇠
1 � 0.1 ⇥ f : Qabs,3 ⇠ 0.9 for compact case and Qabs,3 ⇠ 0.99
for f = 0.1. These values are regarded as unity in application to
astronomical observations. Therefore, Qabs,3 ⇠ 1 for most cases:
the absorption cross section yields the geometric cross section.
Because Qabs,3 has no dependency on f and a, abs is character-
ized by a f .

4.2.4. Analytic formula of absorption mass opacity

Combining the three limiting regimes, we obtain the analytic for-
mula of the absorption mass opacity of dust aggregates as

Qabs =

(
Qabs,1 (x < 1)
min(Qabs,2,Qabs,3) (x > 1)

. (18)

Figure 7 shows the absorption mass opacities calculated with
both the Mie calculation and the analytic formula. The absorp-
tion mass opacity of Figs. 7 (a) and (b) are the same because
a f = 0.1 µm but only the filling factor is di↵erent ( f = 1 and
f = 0.01), as shown in the previous sections (see Fig. 3). Fig-
ure 7 (a) shows the case of a f = 0.1 µm and f = 1 (compact).
The whole wavelengths in this panel satisfy x < 1, and thus
Qabs ' Qabs,1. The analytic formula greatly reproduce the Mie
calculations. Figure 7 (b) shows the case of a f = 0.1 µm and
f = 0.01 (flu↵y). In this case, a = 10 µm, and thus x = 1
at � = 2⇡a ' 63 µm. We use Qabs = Qabs,1 for x > 1 and
Qabs = Qabs,2 for x < 1 and connect them at x = 1. This also
reproduces the Mie calculation.

Figures 7 (c) and (d) show the case of a f = 1 mm, but the
filling factor is 1 and 0.01, respectively. The absorption mass
opacity of Figs. 7 (c) and (d) are almost the same except for the
interference structure. The interference structure corresponds to
where x > 1 and kx < 3/8, the optically-thin geometric optics
regime. We note that the di↵erence between the Mie calculation
and the analytic formulae is the interference structure. In Fig.
7 (c), which is the compact case, the real part of the refractive
index is greater than unity. Thus, Qabs has an enhancement be-
cause of the interference. In Fig. 7 (d), which is the flu↵y case,
on the other hand, the real part of the refractive index is almost
unity and thus no enhancement appears and smoothly connects
to x < 1 region at the longer wavelengths. From the analytic for-
mula, we conclude that the interference structure only appears in
the compact cases because n is still larger than unity when x > 1
and kx < 3/8.

4.3. Scattering mass opacity

In the same manner of obtaining the analytic formula of the ab-
sorption mass opacity, we also derive the analytic formula of the
scattering mass opacity. In addition, by using the analysis, we
explain why the mass opacity can and cannot be characterized
by a f .

4.3.1. x ⌧ 1

When x ⌧ 1, in the Rayleigh regime, Qsca can be written as
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(see Eq. (5.8) in BH83). At the longer wavelengths, n � 1 ⌧ 1
and k ⌧ 1. Therefore, the equation can be approximated to
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As shown in Appendix A.1, (n�1) > k at the longer wavelengths.
Therefore, Qsca,1 / x

4(n � 1)2. By using x / a and (n � 1) / f ,
we obtain Qsca,1 / a

4
f

2. This is not characterized by a f . When
we consider two aggregates whose a f is the same, the aggregate
that has the larger radius has the larger scattering mass opacity
at the longer wavelengths although Qabs is same. In other words,
the scattering e�ciency at the longer wavelengths is a way to
determine the filling factor of flu↵y aggregates.

4.3.2. x � 1 and optically thin

If x ⌧ 1, the scattering mass opacity of an aggregate is regarded
as the sum of the scattering mass opacity of each monomer be-
cause the scattered waves from all the constituent monomers
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⇡ 1 for f ⌧ 1

if f≪1, n-1∝f, k∝f, thus
Qabs,1 / af for f ⌧ 1

(b) x≫ 1 & kx ≪1

Qabs,2 / af for f ⌧ 1

(c) x≫ 1 & kx ≫1 → geometric regime

1. κabs is proportional to af 
2. we derive the piecewise formula of abs. opacity
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