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Polarization of light in mathematics

Amplitude of electrical field in x— and y—coordinate: £, Ey
- E, =A,exp{1 (g, + ot -2mz /A)} =A4,e1%
- E, =4, exp{1 (g, + ot -2mz /A)} =A4,"%

- ®,, @, are the phase at time ¢ and position 2 e
— Light amplitude is \/sz + Ay2 _/’//7_//5/ Yoy | Nt
[OERRLT - () ~45° &0 ik 3
. _ |p\l /-\ l/-\ /’\ i DEEIRS ) /\
— Phase difference ¥ = <by— D, !I VUV V | 7] Cﬁ 1[/4
(b ATEA s A e 4
- A, =4, ,and v = +90° : right—handed circ. h{mﬁ\) /‘”/}ﬁg Jf R e—
YWY, W) ‘
- A4, =4,Tr= —-90° : left—handed circ. \ﬁ%{ﬁ i k\) e Eameenes

B i1 APRRFTEHEXROBEMBFEN () ERE

Y =0° :lineary pol.
Generally, elliptical pol. (180° > ¥ >0° : right—haned, —180° <y <0° left—-handed)

Combination of two monochromatic polarization is calculated by simple sum of
two monochromatic polarization vectors.

However, the combination of actual lights (rays) is too complicated to produce
meaningful result.
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Coherent light: A group of rays of which the phases are (nearly) identical

AN
They can be interfered when they join with a small angle \

When they are not coherent totally, the combination is simple: The sum of
intensity.

Coherence of light (B F %'

Combination of rays: More actual ways

For coherent rays: Stokes vector; Mueller matrix

For incoherent rays: Jones vector; Jones matrix
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Jones vector (1941-)

Applicable for fully polarized light
Applicable for coherent lights of which the phases work predominantly

Two parameters: Orthogonal components of electric field
Ex Axei(sx +wt) ' Axeisx Axeiex
- (E ) or _ or et®t _ or _
y Ayel(ey +wt) Ayeley Ayeley
Intensity is root of sum of squares of E, and E,

Combination of rays is calculated by sum of each parameters as

(EBx) _ (Elx + EZx)
E3y Ely + E2y
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Stokes vector (1852-)

Applicable for any polarized light; fully/partly polarized, unpolarized

Applicable for both monochromatic and colored light = widely usable

Four Stokes parameters: Each parameter has dimension of intensity (or flux)

- [ EE = <AP+AR >
- @ : KFEREBDO° —90° B7) = <AP— AR >
- U : 45° EREES (ERI5° —135° H5) = < 24,A, cosy >
-V . AREAEESs (BA-EZAKRD) = < 24,4, siny >

<> denotes time average

Stokes parameters are additive
— Sum of incoherent rays 7 and £ follows as

]3:]7+]2, QS:Q7+Q2’ US:U77LU2, V3:V77LV2,

Usable with Mueller matrices
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Mueller matrix (1940° s-)

4 X 4 square matrix: M
Usable with Stokes vector

Each optical component can be represented by a Mueller
matrix

M1 M2 M3
(IO’ QO’ UO’ VO) H O A (Il’ Ql’ Ul’ Vl)
4 Il A 4 IO N\
Q = M3M2M1 | Q
U, U,
\ Vl J \ VO Y,

Outgoing ray \‘ Incident ray
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Description of astronomical polarization

Generally, incoherent, and partly—polarized

Stokes vectors are useful in many cases

(Especially, observational astronomy, because it is represented only by intensity/flux
dimensions)

Intensity of unpolarized component /. intensity of linearly polarized
one [;;, . intensity of circularly polarized one [

— [ — ]0+ \/[lin2+ [C?./TCZ

- [lin: VQ2+U2 N ]circ: V

Degree of linear polarization p,;,,,. circular p_;,..

cire

_ — Ilin _ Icirc
plin_ I > pcirc_ I

Position angle of linear polarization (polarization angle) 0,:n
1 U
01 = 5 arctana
Relational expression

- Q =1, cos2B, U= 1, cos B %:p“ncosZBH %:plmsinZB
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QU plane (QU diagram)

Distance from the origin
denotes (linear) polarization
degree ;..

Q/T - Half position angle denotes
polarization angle 0,;.,

QT = pyin c0s(26;;,)
U/T =Dy sin(26;;,)

Vectorial summation is

(QI1, UN) plane is also similar to (Q,  Visually (easily) recognizable
U) plane for small Q/I, U/l (<0.1).
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Principle polarimetry in Opt/NIR regime
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Principal mechanism of polarization 1
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Principal mechanism of polarization 2

vroakny st = R (E—8LEL)
Wizt ARIZCEIKEFIZKY (SRR (2 KY) B AL T-IEBKIR
BT (A oObO2 St OFE xR FLF 2K DEIRMZUN (dichroism)

B SERICEDERIT)

electron

s

divection _ direction WiBI_EE BB LRI I F4T
gdimim ﬁcﬁiﬁf}r A RIS TAMIZRIE
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Optical component for polarimetry

Polarizer (polarizing filter)

— Only a linearly polarization component transmits (polyvinyl, wiregrid,
liquid crystal, etc)

— Another (orthogonally polarized) component is absorbed or
reflected.
Polarizing beam splitter

— Two orthogonally polarized lights are transmitted (or reflected) to
different direction.

Wave plate (retarder, modulator)

— Producing a difference of the phases (= retardance) for two
orthogonally polarized lights after transmission of birefringent

material (48 J&B 72445 S

12
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Example of beam splitter

Light Paths Through Polarizing Prisms

Glan-Foucault 0 Wollaston

Prism xl;.':‘;al Prism
N = E—— E-Ray
] E-Ray 1
. .
! (a) O-Ray
O-Ray
-

HT'M O-Ray

(c)

Rochon : de Sénarmont
Prism Figure § Prism

Fig. 1. Schematic representation of a Wollaston prism and
ray—tracing (adapted from Fig. 11 of Bennet 1995)

Wollaston/Rochon prism: Separation angle of o— and e—rays are small

Glan prism: Separation angle is nearly ~90 degs (completely separated)

®
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Half-wave plate (A /2 R E#R)

A half-wave plate at position angle 6 makes rotation of position angle by 2 8
without any change of degree of polarization.

Rotation of a half-wave plate at the entrance of and astronomical instrument
corresponds to the rotation of the instrument.
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A most simple (linearly) polarimetry
From telescope

Incident light Polarizer (PA=y) _Qy_ _1,(0°) = [,(90°)
(1o, Qq, Uy, Vo) I, 1,(0°) + 1,(90°)

Outgoing light
(|1’ Q1, Ul! Vl)

~PA~ U,  1,(45°) — I,(135°)

I, = 1,(45°) + I,(135%

W Detector

Measures only
flux 1,(v)

Since it measures flux ratio, some incompleteness of the system (cross—
talk of polarizer, etc.) are canceled

But, since it requires a few different exposures, the result is subject to
the time variation of atmospheric condition and error of telescope guiding.

15
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A better method for linear polarimetry
Ordlnary ray

(1LQ U, V) Extraordlnary ray
W (I, Qe Ue, Vo)

Different efficiency for o- and e-

Rotatable Beam rays within instrument
Half wave splitter Variability due to
plate (PA ) / atmospheric condition
I,(WW) =1/2{1+Q/1cos(4y) +U/I sin(4y )}k, k(t)
I, (W) =1/2-{1—=0Q/Icos(4p) —U/Isin(4y)}-k, ~x(t)
\/, (0° )/, (45% JI (22.5 )/, (67.5% k, and k, are canceled
I, (01, (45" I,(22.59 1,(67.5%) k(t) isalso canceled

I  1+a, I  1+a,

JRIITIKTFET DB BEIEKO, ke P KRB BEONITLEES
sﬁﬁggﬁbﬁm
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Calibration for Opt/NIR Polarimetry

Instrumental polarization (Efixt R4 2= EE 5 TIE0.01-1%)

- BEREBECHIZEENBOEHHMED I NEETELHREL

- BREAELEE (EORL) OFATERFBELDAN—DZARNIMLZEKRD . ZL5IK
Instrumental depolarization ("polarization efficiency factor)

- AFZROATLMGIMEOT I, ER—FRILEE. 8ELLF) ICXEUEIRL

- RHAR.BHATIVXLZEZRANT/ZFIL)100%RIEZE AL, BIE., BLUHEIE
Origin and direction of PA of polarization

- BRAEEE (ERFREL ZHAL. FUARSZHE

- REKRZETEHBOEE. REEICHIT HEEZAROEBHENHLIDT, (DLt
ML) 2DONEGLHIBREZDERZITHIDMNRL

Calibrator
— Polarizer (producing nominal 100% polarization)

— Standard stars (interstellar, highly—polarized; nearby normal star, unpolarized)

Typically p/Ap > ~ 10
17
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Subaru/FOCAS Polarimetric performance 1/2

MRS DRE T

Dp..... < 0.05 % at any position
within FOV independently of & 0.1

— telescope position,

— PA of image rotator,
— with or w/o ADC,

etc.

ADC = Atmospheric Dispersion

Corrector

)
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DEC offset (arcsec)
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Subaru/FOCAS Polarimetric performance 2/3
o RENDFRWIRIEDSOT IL-INZ—2
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y r
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Pinstr ~ 0-05 % at center of FOV
Pinsr ~ 0.9 %0 at r = 2.5 arcmin

Any position, Dp;. < 0.05 %
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Application for JCMT/SCUBA2—-Pol

Scan pattern of sky

= Offset (%] "
—500 —250 o 250 U[I ﬂ[] —250 0 250 500
T T T T T T T T

S Holland+ 2013
Leclerc+ 2015
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JEEH R D 5 R LT C—EmEERFrY

SEEREDREIZHL I,p) =1/2-{1+ Q/I cos(4y) + U /I sin(4y)} -k, k(t)
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Using a dedicated 1 d telescope and

an optical 2-band (g’ Eaxs suusc - W meter

S GMAFEST: ~

e optical polarimetric data may

> to estimation/masking of fore—

erstellar polarization in CMB B-
aad also other fruitful

udies (interstellar matter,
ed.
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Summary

Stokes vectors can treat incoherent light.
Each Stokes parameter is additive.

Most Opt/NIR polarimetry is performed for
“relative photometry’ for artificially polarization—
modulated light.

Typical accuracy of Opt/NIR polarimetry is <" 0.1%
In case of using beam—splitter and axi—-symmetric
optics
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